Application of Derivatives

| EXERCISES

)

ELEMENTRY

Q.1

Q.2

Q.3

Q.4

Q.5

(1)
Velocity, vZ =2-3x
Differentiating with respect to t, we get
dv dx dv dv 3 Q.6

w3 X oM g S
ot a7t a2

Hence acceleration is uniform.

(1)

Displacements s= —4t2 4+ 2t

Now velocity v=-8t+2 and its acceleration
a=-8

o (ﬁj — 8xti2- 2and
dt/ 12

1) Q.7
Giventhat gv /dt = 30ft3/min and r = 15ft
4 5 dv 2 dr

V=—mnr’, —=4nur
37 T d T

dr dv/dt 30 1

dt a2 Axmx15x15 307 Umin

(3)
Given y? =2(x-3) .. (i)
Differentiate w.r.t. X, 2y_ﬂ =2= ﬂ = 1
dx dx vy
Q.8
-1
Slope of the normal = —~<=-y
p (&
ax
Slope of the given line= 2
Ly=-2
From equation (i), x =5
. Required point is (5 -2).
(1) Q9
Givencurve x2=3-2y  ...(I)
dy d
Differentiate w.r.t. x, 2x=0- 2V Y _
dx dx

Slope of the tangent of the curve = —x

From the given line, slope = _1, . x=1 and from
equation (i), y=1. . Co-ordinate of the point is (1,
1).

(3)
y = 2C0SX
AtX=2, y =2 -2 ag Y 2einx
41 \/E an dx— .

(ﬂj :—\/E

dx X=n/4

Equation of tangent at (%\E) is
i)

4

(4)

dy
= —=1+logx
y ongx:>dX +log

1 -1
The slope of the normal = — (dy/dx) 1+logx

The slope of theline 2x—-2y =3 is 1.

=l 5 Jogx=-2 = y g2

.

. Co-ordinate of the point is (e72,— 2¢72) .

(3
Slope of the normal = —L
p (2
dx

Thisis parallel t i L o d—X—O
IS IS par 0 X-aXI1S = (dy)_ = dy

dx

(1)
Let the point of contact be (h, k),

wherek = h*. Tangent is y —k = 4h3(x — h) ,

{ﬂ = 4x3}
dx



Application of Derivatives (Tangent and Normal)

Q.10

Q.11

Q.12

It passes through (2, 0), . —k =4h3(2-h)
=h=00r83, .. k=0or (83)*

8 (8)*
. Points of contact are (0, 0) and 5’(5)

.. Equation of tangents are

eomr (849102

(4)
)(2 = _4y = 2X= —4%
dy _=x (ﬂj =2
o 2 T gy
We know that equation of tangent is,
dy
(Y—Y1)=(—j (X—X1) 4=2(X+4
dx (x1,¥1) =T (x+4)
= 2X-y+4=0.
(3)
2 o2 dy
X3_8a2y:0 — 3X“-8a &:O
3x2 = 832 dy ﬂ_SLZ
= T T dx ga?
9 f th al = t L. 8a’
.. Slope of the normal = (ﬂj = ﬁ_ 32
dx 832
-8a? -2
Given =— .. (X,y)=(28,9).
75 - y)=(2aa
(3)
2
d
Length of normal = ¥y 1+(—y)
dx
Now,

o4 0 0
dy dy/de  asne  sne M5,
dx dx/d0 a(l+cosd) 1+cosd 2cos2?

2
j { an—} =1y] = a(l— cosij =a
o) 2 (g_m) o="| -
(9_2) (9_2) ( 2)

Q.13

Q.14

Q.15

. Length of normal = a,/1+ (1)? = v/2a

(3) x=a(t+snt), y=a(l-cost)

&y _dyldt_ a@ny
“dx  dx/dt a(l+oost) - o

2
d
Length of the normal = y,|1+ (d_zj

a(l- cost)/1+ tan?(t/ 2) = a(1—cost)sec(t/2)

= 2asin?(t/2)sec(t/2) = 2asin(t/2)tan(t/2).

(2)

3

dy 2_ dy
by? = (x+a)° = 2by.— = a)=-2=
Yo =(X+a)" = Y- i 3(X+):>dx 2by
. _ I _3 2
. Subnormal _ydx_2b(x+a)
y y  2ny?
. Subtangent = (dl) 3x+a)?  3x+a)?
dx 2by
3
2b(x+a)
_ b 2
=— b -Z(x+a)
3(x +a) 3

4
. (Subtangent) = E(X +a)?

2 é(x+a)2
(Subtangent)® g9 _8b

and  Subnorma 3 2 27

= (Subtangent)? = constant x (Subnormal).
.". (Subtangent)? oc (Subnormal).
(1)

% =a(l+ cose),% =a(sing)

dy
dy| _ o __asno _ i
dx e=_E dX  a(l+ cose) =1 y|e=g =a
2 do
y a
Length of sub-tangent ST = ay/ dx ==

—(x+3a)

2



Q.16

Q.17

Q.18

dy

and length of sub-normal SN=y—=al=a

dx
Hence ST=SN .

(1)
dy 4

For curve y? = 4x = 2y

~-+and for curve
dx/(1,2)

dy —x
x2+y2:5:>&:—

y
(ﬂ) _1
C g 2

.. Angle between the curvesis

wy 2

) i ion tano =
-.Angle of intersection, 1+mm,

1

2

3
= =— = -1
1+2X% 4:>9_tan (3/4)

m; —mp

Q.19

Q.20

Q.21

Q.22

Q.23

Q.24

Application of Derivatives (Tangent and Normal)

Clearly mym, = -1, therefore angle of intersection is
r

5"

(2)

Let y = f (X) = Xze_x

= dy_ 2xe ¥ —x%e X =e X (2x—x?)
dx

Hence f'(x) >0 for every xe[0,2]therefore it is
non-decreasing in [0,2].

(4)

f(x)=-2x3-9x? -12x +1

= f(x) = -6x% -18x —12

To be decreasing f '(x) <0, i.e, _gx% —18x-12<0

=>x2+3x+2>0=>(X+2)(x+1) >0
Therefore either x « —2 or x> -1
=X e (-1»o) or (—w,-2)

(1)

3
f(x) :x4—%:>f (x) = 4x3 - X2

For increasing 4x®—x?>0=x?(4x-1) >0

1
Therefore, the function is increasing for X >Z

1
Similarly decreasing for X <Z .
(1)
f(x)=5"

1(x) =5 *log, 5= — 1 2%e>

= f'(x) <0 foral x
i.e, f(x) is decreasing for al x.

(3)
. X oy 1
f(x):smx—E:f (X) = cosx >

f'(x) >0 for increasing function

Obvioudly it isincreasing for —%< X <g .

(2)

Given f(x)=x>-x*-x-4

This function will be decreasing function when
f'(x)<0

= 3x%-2x-1<0=>3x?-3x+x-1<0



Application of Derivatives (Tangent and Normal)

Q.25

Q.26

Q.27

Q.28

= (Bx+D)(x-1)<0; -.3x+1>0and x-1<0

1 (4

(4) f(x)=(x+2e™*

f'(x)=e*-e*(x+2)

f'(x) =—€*[x+1]

For increasing, - *(x+1)>0 or e*(x+1)<0
e*s0 (Xx+)<0

X € (—o0,0) and X € (—o0,-1)

X € (-0,-1)

Hence, the function isincreasing in (—o0,—1)

For decreasing,
X € (-1 )

Hence the function is decreasing in (-1, «) .

—-eX(x+1)<0ore*(x+1) >0,

(3)
f (x) = x®—10x? + 200x —10
f'(x) = 3x2 — 20x + 200

For increasing f'(X) >0 = 3x2 _20x + 200> 0

o[22, 20, 120200

3 9 9

Always increasing throughout real line.
(4)
The function is monotonic increasing, if f'(x) >0
(2sinx + 3cosx) (A cosx —6sinx)
(2sinx + 3cosx)?

=

_ (Asinx +6cosx)(2cosx —3sinx) S

0
(2sinx +3cosx)?

= 30(sin®x + cos? X) —12(sin® X + cos? x) > 0
= 3-12>0 = A >4,

(4) f(x)=sinx—cosx

f'(x) = cosx +sinx =x/§{cos(x—%ﬂ :x/icos(x—%j

Q.29

Q.30

Q.31

Q.32

For f(x) decreasing, f'(x) <0

T n) 3n -
E< X_Z <7, (within 0< x < 2n ).

3r r

—<X<—
= 7 i

logx

f(x)=

2 f(¥) X
1 logx 1-logx
f'(xX)=—- =
o) x2  x? x2

For f(x)to beincreasing, f'(x)>0
= 1-logx>0 = 1>logx = e>x

- f(x) isincreasing in the interval (0,€).

(2)

f(x)=——-log(1+x) =
X+1

F1(%) = - 1 1

(x+1)% 1+x

1 1

f'X)=—| —+—"=

0 {x+1 (x+1)2}
f'(x)=-ve,when x >0or f'(X) <0, ¥x>0
. f(X) is decreasing function.
(4)
Let f(x)=2x3—24x +107
At x =-3,f(-3) =2(-3)° - 24(-3) +107 =125
At x =3, f(3)=2(3)>-24(3) +107 =89
For maxima or minima, f'(x) =6x?—24=0
=>x=2, -2
Soat x=2f(2)=2(2)°-24(2)+107=75
a x =-2, f(-2) = 2(-2)% - 24(-2) +107 =139
Thus the maximum value of the given functionin [—
3, 3] is 139.
(3)
f(x)=2x2+x-1

N f'(x):4x+1:>f'(x):0:>x:—%

f"(X)=4=+ve

2 1 -9
LD, =——=—1=
(P Dl 16 4 8"



Q.33

Q.34

Q.35

Q.36

Q.37

Q.38

)

f(x)= cosx+cos(\/§x)
f'(x)=—sinx—+/2sin(x2x) =0

Hence x =0is the only solution.

f "(x) = —cosx — 2cos(~/2x) < 0 a x =0
Hence maxima occurs at Xx=0.

(1)
Let y=x* = ﬂ:xx(lJrlogx)
dx
For %>0; x*(1+logx) >0 =

1+logx >0=log,x > IogeE
e
. » 1
For this to be positive, x should be greater than .

(4)
2
X2 _3x £(x _X -2X+3

Here f()==——"= = W

Obvioudly, it isnot derivableat x =1 i.e., in (0,3)

Also f(a) =f (b) does not hold for [-3,0] and [1. 5,
3] Hence the answer is (4).

(1)
fO=f(3)=>a+b-5=3a+b-27=a=11 which
isgiven in option (1) only.

(1) f(x)=e?sn2x
= f'(x)=2e%(cos2x —sin2x)

Now, f'(c)=0

T
= cos2c-sin2c=0=tan2c=1= C=§

(3)

We know that f'(c) = M
b-a
. 0-1 2 .
=fO=-—72=—> .. (i)

But f'(xX) =—sinx=f'(c) =-sinc....(ii)
From (i) and (ii), we get
2

. 2 .
-snc=-==c=sn"| = |
T T

Q.39

Q.40

Q.41

Application of Derivatives (Tangent and Normal)

(3)
f(b)—f(a)

From mean value theorem f'(C) = o a

a=01(@)-0 = b=.f(B)=>
f'(X)=(X-D(X-2)+X(Xx—2) +xX(x -1
f'(c)=(c-1(c-2)+c(c-2)+c(c-1)
= c?-3c+2+c®—2c+c’—c

f'(c) =3c®> —6C+2
According to mean value theorem,

fr(c):f(b)_f(a)
b-a
2 _(3/9-0_3
= e = 0 4

= 302—6c+2:0

._6%v36-15 _6xy21 _, V21

2x3 6 6

(2)

f(b)=f(2) =8-24a+10=18-24a
f(a=f()=1-6a+5=6-6a
f'(x)=3x>-12ax +5
From Lagrange’s mean value theorem,
f,(X):f(b)—f(a) _18-24a-6+6a

b-a 2-1

~f'(x)=12-18a

49

16

_147_7 3 35 35

[ J— = — a:_
6 7 16 " 48

At X :;1,3>< _12a><ézl+5:12_18a

= 3a

(4)
Letf(x) = x2logx = f'(x) = 2xlogx + X
and f"(x) =2(1+logx) +1

Nowf"(1) =3+ 2logeland f”(e)=3+2logee

1
f(x) haslocal minimum at ﬁ’ but x lies only in

interval (1,e) sothat has not extremumin
Hence neither a point of maximum nor minimum.
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Q.42

Q.43

Q.44

Q.45

(3)

Letf(x)=x>-5x*+5x° -1

= f'(x) =5x*—20x3 +15x* =0

S (x=3)(x-)=0o0r x=31

Now f"(x) = 20x> — 60x? + 30x

Put x=3 and 1, weget f"'(3)=+veand f"(1) =-ve

and f"(0)=0. Hence f(x) neither maximum nor
minimum at x =0

(4)

f'(x) =6x%—6x —12
f'X)=0=>(Xx-2)(x+)=0=>x=-1,2
Here f(4) =128—48-48+5=37
f(-)=-2-3+12+5=12
f(2)=16-12—-24+5=-15
f(-2)=-16-12+24+5=1
Thereforethemaximumvalueof functionis37at x = 4.
(2)

Let a,P be the roots of the equation
x?—(a-2)x-—a+1=0,

then a+pf=a-2 of=-a+l

nz=0?+PB% = (0 +B)* - 2ap

=(a-2)%+2(a-)=a’-2a+2

%zza_2:0:>a:1

a

d?z L
E:2>O, sozhasminimaat a=1

So o +p? hasleast valuefor a=1 . Thisisbecause
we have only one stationary value at which we have

minima. Hence a=1.
(1)
y =x°—5x*+5x>-10

dy _ 5x* - 20x° +15x* = 5x2(x? — 4x + 3)
dx

=5x%(x-3)(x-1)

dy .
—_— = 0 =
i , gives x=0,1,3

d2
Now, KZ =20x3 - 60x2 + 30X = 10x(2x2 —-6x+3)

d’y 2
and vy 10(6x“ —12x +3)
X

Q.46

Q.47

dy d?y _dy
-0: —=0—=0—=%=%0
For x=0: 4 dx?  ax®
.. Neither minimum nor maximum
2
Forx=19Y _ _10- negaive.
dx
- Maximumvalue y 5 =-9

2
For X = 3,d—>2/ =90 = positive
dx

- Minimumvalue y;, =-37
(2)

X2 —x+1

Let y=
X2 +x+1

LW (2 +x+1)(2x 1) — (x*> = x +1) (2x +1)
dx (x%+x+1)°

dy  2x*-2

dx—m:0:>zxz—2=0:>xz—l,+l

d’y _4(-x*+3x+1)
dx? X% +x+1

d2
At x=-1, d7z<0. the function will occupy

d2
maximumvalue, .. f(-)=3 andatx=1 d7>2/>0,

the function will occupy minimumvalue .. f (1) :% .

(4)

logx
Let y=-29X
X
1
dy X';_ 09X 1_logx 1-logx
= X 2 T 2 g2
X X X
putﬂ:0:>l_|29)(:0
dx X

= 1-logx=0 = x =€ and

d%y _ —3x+2xlogx

dx? x4
dy 1

At x=e, —5=—7x<0
dx? -€°

.. In[2, o) the function logx will be maximum and
X

minimum value does not exist.



Q.48

Q.49

Q.50

Q.51

(3)

1
L et the positive number (X +;) will be minimum,

dy d’y
—=0 —>0
when i and v >0.

1
Differentiate with respect to x, we have 1—7 =0

dy 2 (dz)’]
x=-1land —5=+— —| >0
= 1 v N = | a2 -

1
So, at x:],(x+;j will be minimum.

(3
f(x) = —=

4+ X +Xx>

4+ X+ %2 - x(1+2X)

Differentiate, f'(x)=
&) (4+x+x2)2

2

For maximum f'(x)=0 =

Grx+x2)?
= X=2,-2
Both values of x are out of interval
-1 -1
- (=] = -
w10 4-1+1 4°
1 1

f@)= == i

® 1116 (maximum).
(1)
f(x) = 2x3 —15x2 + 36x + 4
f'(x) = 6x% —30x + 36 0

We know that for its maximum value

f'(x)=0. 6x2-30x+36=0 = (X-2)(x-3)=0
= x=23.

Again differentiating equation (i),
f"(x)=12x-30

= f"(2)=24-30=-6<0

we get

Therefore f(X) ismaximumat x = 2.

(2

f(x)=2x3-3x?-12x+4

f'(x) = 6x% —6x —12

Now f'(x)=0 = x2_x-2=0= X=2,-1
Now f"(x) =12x-6 = f"(2) =+ve,

Q.52

Q.53

Q.54

Q.55

Application of Derivatives (Tangent and Normal)

f"(-1) =-ve
.. Given function has one maximum and one
minimum.

(3)

f(x)=y=x* = logy =-xlogx

i iati 1ﬂ——[xlﬂogx}
Differentiating w.r.t. X, y'dx = X

dy

1
= —==-[1+logx] — == =—x"*[1+logx
=y dx = dx H-+logx]

(1)

y=a(l-cosx) =y =asinx

= y=0=>s8nx=0 = x=0,n

Now y”"=acosx = y"(0)=a and y"(r)=-a
Hencey is maximumwhen x =n

(1)

f(x)=2x+3y when xy=6

f(x):2x+3y:2x+1—8
X

f’(x):2—1—§:0
X

”n 36 ”
= x=+3and f (X)ZF:>f >0

Putting x = +3, we get the minimum valueto be 12.
(2)

Let f(x)=4e* +9e %

- f'(x) =86 —18e7%

Put f'(x) =0= 8¢ ~18¢ > =0

e =3/2= x =log(3/ 2)"?

Again f"(x) =166 +36e>* >0

Now f (log(3/ 2)2) = 4e?(0032") | ge-2(100(¥2)"%)

3 2
= 4x—+9x— = —
2 3 6+6=12

Hence minimum value = 12.
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Q.56

Q.57

Q.58

Q.59

8—x
(4) x+2y:8, sz

=4x

(8-X) x2
Now f (X) =Xy =x.—= -
ow f(x)=xy= > 5

- F'(X)=4-x

For extremum, f'(x) =0
x=4 andy=2.

Also f"(x)=-1<0

So, maximum value of Xy =4x2=8

(2)
X+Yy=20 and z=xy°
= z=y*(20-y)=20y>-y*
B _6oy2—ay® =0
3dy y Y— :4y(15 y)=0
So, either y=0 or y=15
2 2

d°z 5 d°z
Now, —— =120y -12y* . - At y=0,—5>0
dy2 dy2

. . . _15 d?’z 0
. y=0isthepoint of minimaand a Y= .F<

. ¥ =15 isthe point of maxima.
Hence the required partsis (5, 15).

(3)
We know that perimeter of arectangle S=2(x+vY),
where x and y are adjacent sides
S-2x
>
Now area of rectangle,

= Y=

A :xyzg(S—Zx) :%(S(—sz)

Differentiating w.r.t. x of A, we get

dA 1 S S

—:—S 4x)=0 .. x=— =—

™ (S-4x) = Xx=gandy=7,
2

Again —=-Vve

dx 2
Hence the area of rectangle will be maximum when
rectangle is a square.

(2)
Let diameter of sphere AE =2r
Let radius of coneis x and height isy

.. AD=Yy since Bp? = AD.DE

Q.60

o x2=y2r-y) ... 0)

Volume of cone

V= %nxzy zény(Zr -y)y =%n(2w2 -y?)
dv av
—=—mn(4ry-3 =0

= dy 7T( y -39y ) = dy
1 2

- 5n(4ry—3y )=0= y(4r-3y)=0

4
=—r,0
=Y 3

dv 1 4
Now V:§W(4V—6Y) put y =2
dv 1

4r—6x—r | = i
dy2 3( ij negative value

=

4
So, volume of coneismaximum at Y = gf

Height_x_f
3

Radius r
(2)
Let f(x)=x3—-12x2 +36x +17
S f(X) =
Again f"(X)=6x—-24 is —veat x =2

So that f(6) =17, f(2)=49
At the end points

3x2_24x+36=0a x=2,6

=f()=42,f(10) =177
So that f(x) hasits maximum value as 177.
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JEE-MAIN Q4 (3
OBJECTIVE QUESTIONS y—e¥y+x=0
Q1 (2
Differentiating w.r.t. toy
ve L (- 129
ez dx + X +d—X—O dx
77 lithmin. 1-e9 dy'y dy ' dy =0
A
1-xev=0, xe?=1= x=1,y=0
Point is (1, 0)
am Q5 (4
dy
+ ﬂzﬁ_ a(—sino)
dx dX 7 a(l+cos6)
de
h3
I R
X|gpor = —F5— =— 7=
=3 3 3
¢ 1 =, T
77><103—£><1><70><70><ﬁ e 330“7“6
7 4 dt
_ 5t
(- 1 litre = 10°c.c)) “~ 6
" Q6 (1)
. = =20 cm/min. L et the point on parabola P (2t, t?)
dt 2
y= X
4
Qz (1)
V =nr?h
P
dv , dh
E =mnr E y =x-4
dh dv/dt 1
i > =9—m/min. d_y=2_X=§ =t
r " dx 4 2|g e
Q.3 (1) sope=1 = t=1 s0P(2 1)
y = tan(tan™ x) Q7 (1)
- P, :y?=8x
= y=X 1
C:x*+(y+6)2=1
=>x=—-\x +2
KX ~2=0 2y W g Oy _4
Jx =1l=x=1y=1 dx dx vy
dy__ 1
dx 2%
dyl 1
dXluy 72

Slope of normal = 2
Equation of normal is2x —y =1




Application of Derivatives (Tangent and Normal)

Equation of normal of parabola
y = mx — 2am — am®
if passes through (0,—6)

—6 = — 2am — am®
ra=2 =3=2m+m?
m+2m-3=0 = m=1.

Point on parabola (am?, —2am) = (2, —4).

Q8 (2
. X
y?=4a(x + asin g)
Let point P (h, k)
' (1+cos5
2yy =4a a
slope should be equal to zero
X
cos — =-1
a
point will lie on the curves also
h h
k?=4ah+asin —)sin — =0
4a(h + asin a)sm a
k?=4ah = y? = 4ax

Q9 (4
X = sec’t y=cott
dx d
— =2seC?ttant L) = —cosec? t
dt dt
dy cosec?t
dx ~ 2sec’ttant
_cotzt 1
2tant 2tan>t
dy 1
dX __2 P(2, 1)
Y Y
a[t—z Xl—SeCZZ
s
ylzcotzzl
1
y—1=—5(x—2)curve
2y—2=—x+2 x=1+tan?t
.1
2y +x=4 x=1+ 72
Let Q(x,, y,)

Solve tangent with curve equation

10

Q.10

Q.11

Q.12

1
Q (51 _E)
P2, 1)

3
PQ:E\/E

(2)
X?+y*—-2x-3=0

ey W oo
x+2ydx—2—0

dy 2-2X
dx =~ 2y

_ 2— 2)(1
b 1

p
2-2x,=0

X, =1

1+y?-2-3=0

y =4

y,=+2

Two points (1, 2) and (1, —2)

(2)

1 1 15
7327277 32
(2

Xy=1-y
xy=1-y

X%y =Xy



Q.13

Q.14

=>y=1

0=1 not possible Q(0,

2

X2y —xy =0

Xy (x-1)=0

xy=0

= y=12

x=0

POl P(1, 1/2)

y=0

1)

Xy=1-y

2xy + X%y ==y

,_o—2xy| o -2)@2) 1
y_1+x2p_ 1+1
y'1l,=0

1 1
at Ptangent y — 5 :_E x-1) ...(

aQtangent y—1=0=y=1 ..(2

Intarsection of (1) & (2)

1

2 =2 &0
x=-1=-1

x=0

POI (0, 1)

(2)

a
y= E (ex/a + e—x/a)

dx 2 \a a

dx 2

L=y, V1+ m?

dy _ 1 (exlla _efxlla)

dy _ E(Eex/a_ie—x/aj

P(X,, )

p

:3(&@+eﬂm)ﬁﬁ%w““—e“ﬂﬁz

a a
ax LN - E (exlla _e—Xlla) E (exlla +e—X1/a)

Q.15

Q.16

Q.17

Q.18

Application of Derivatives (Tangent and Normal)

ax LN = y12
y2=axL,
guantity =a

(2)
Subtangent = Subnormal

L, =Ly

y1\I1+ m?

m

=y2

=2y, = 2 ordinate

(2)
X+ pxy?=—2;3xy—-y3=2

3x2+ P(y?+2xyy') =0; 6xy + 3x?%y' =3y’ =0

m=y —2pxy

mlxmzz—l

(3x*+py?)  (-6xy) _
—2pxy (3x% -3y?)

3 Bx%+py’)
P (3x%-3y?)

p = -3 only possible
(2)

-1

,:3x2+py2 m=y = 2xy
! 2 3X2_3y2

X2 yz
a2 b2
2X 2yy
-——=0 y+xy =0
a® b2 ,
m2:y =
b? X
mz=vy =—5 —
LY 2
m xm,=-1
b Xg ( Y1J
— T x|~ |=-1
a2 X1
b>=a
(1)
y=x*-5x+6
y=(Xx—-2)(x-3) ")
d—y—Zx 5 |
T 2% 3
dx P\/Q
1:Q _
dx |p

11



Application of Derivatives (Tangent and Normal)

Q.19

Q.20

Q.21

12

dy| _
M, = dx Q_
ml—m2 _ -1-1 _
@no= 1" mm, I1—1I *
o==
T2
(1)
d
—ySO vV XeR
dx
=a+2<0, D<O
=a+2<0, a(a+3)=>0
=a<-3
(3)
Letz=x°
y=6x?+15x+5
dy
dx >1
12x +15
—Q— 5> -1>0
3X
12X + 15— 3x2
o2 >0
3x
2 _
X% —4x -5 (X+1)(2X 5)<0
x? X
® © O
I I I
-1 0 5
xe (-1,5)
(3
¢ | x—1f
X) =
="
1 X— 1
Xx>21fX)= —5 = — - —5
x)="2 2
. 1 2 (x=2)
IX = — 5 4+ 5 ==
(x) %2 3 3
(&) | ©] | ©
0 2
1
X € (2, ) decreasing
1-Xx

x<1f(x)= x_2

Q.22

Q.23

Q.24

-2
fx)= "3
®, © | o
5 1 b
1
x e (0,1)
X € (0, 1) U (2, o) decreasing
(4)
f(X) =xfnx —x +1 D, :xeR*
f')=/(nx+1-1
x=1 Critica point
| = I ®
0 1

If x e (0,1)fisling

f(1) > f(x) > f(0) = 0 > f(x)> 1 positive
If X € (1, ) & is Ting

f(x) > f(1) =

(4)
(/na) h(x) = (nf(x) 9(x)

/

=/n [a{aIXI sgn x} +[aMsgn x]]

=/n aaIXIsgnx

(/na) h(x) =a¥ sgnx (¢n a)

h(x) = a* sgn x

h(x) = & X
=0 X =
=—ax X

hisodd and Ting.

(4)

Giventhat f(x) f'(x) <0

fx)f'(x) <0

N \%
[eoNeoNe]

f(x) f(x)>0
y = [f(3)l
—fx) fx)<O0

fx)  fX)>0 ..(1)

) fX)<0 ..(2)



Application of Derivatives (Tangent and Normal)

(1) f(x) >0, f '(x) < 0 decreasing f'x)=2cos2x-1=0
2 f(x)<0,f'(x)>0,buty' <0
s0 [f(x)| is decreasing function. COoS 2X = 3
Q.25 (3) =T _T
Forx e (a b) 3’ 3
d d? x=IF _T
—yT:>—y>0 6' 6
dx dx?
fl -_I f—5 _ 1.z
2) 772 6) 2%
f —5 —E f 5 _ 1 E
f/ dy _ 2)" 2 6) "2 6
d :d o
by _ iy T
T Diff = 3 - (_Ej =n
a c b
Q.29 (2
d d? Let f(X) = /n (1 + x) — D. - -
dither > <0=—2 >0 (x) = ¢n(1+x)—x x>l
dx 2 .
—X
dy d?y P= 1ok 71 1ox
&>0 _dx2 >0
Q26 (3) o @ o ‘O
f(x)=2—-|x+ 1] 4 0

Inx e (-1, 0) fis Ting
f(x) < £(0)

ST\ o f(x) <0
' 1™, Inx e (0, ) fising.

Figure

From figure it is clear that greatest, least values 0
are respectively 2, 0

f(x) < f(0)
f(x)<0
Q.30 (1)

fx)=x®—6x2+ax +b

Q.27 (4
f(1)=1-1+10-5=5
for greatest valueat x = 1

+ 2 _
(1)<t bF-2>0 f(x) satisfies condition in Rolle's theorem on [1,
—2+log, (*-2)<5; b> ﬁ orb<_ﬁ 3]
log, (*-2) <7 f(1) = £(3)
b?-2<27 —=1-6+a+b=27-54+3a+bh
b* <130 2a=22
a=11

V130 <b< 4130 andb e R.

final answer b e [-/130 ,—/2) W ({2, 4130 ]

Q.31 (3)
ffxX)=0=>x=-2,3
Q28 (%) Xx=-2¢€ (-3,0)
) T T Lc==2
f(x) =sin 2x —x 2%

13



Application of Derivatives (Tangent and Normal)

Q.32 (2 Q.36 (4)
fX)=(x—4) (x=5) (x—=6) (x=7) () LMVT
() LMVT
. (3) f(0) = -2

f(l)=4-5+1-2=-2

[ \ /\ / Not applicable
NI/ N osr 3

fr(X) = (22 + 422+ 62x* +...... + 1002 x%) x

| +
This curve f(x) cutting, y = 0 curve four times _ '

then in between [4, 7] therewill be three pointswhere 0

! bet a7 signs of f'(x)
(x) = 0 by roll€e's therm. Minimumat x =0

Alter:

i el v ool it SR

£(4) <0 f'(x) = sinx cos X (3 sin x + 21)

f(5)>0 f'(x) =0

;E%ig :>sinx=00rcosx=00rsinx=_T27L

by L.M.V.T. we can say that is[4, 5] oneroot )

= X =0 orsinx= =2k (as cos x = 0 is not

Q.33 (2 3

f(0)=2,9(0)=0,f(1) =6,9(1) =2 possible).

(2) h(x) =f'(x) —g(x) If A =0thenf'(x) > 0= no extrema,

h(0)=f (0)—g(0) =2 wrong hence A = 0

h(1) =f(1) -g(1) =6-2=4 —2A -2)

(2) h(x) = f(x) —2g(x) :>—1<T<oor0<T<1

h(0) = £(0) — 2g (0) = 2 right'

h(1) =f(1) -29(1)) =6-4=2
(1) 1) a(2) :>O<x<gor—g<7\,<0

Q34 (2 039 (2)
b £ = tan L
[(3x? + dax+ by dx =0 ByLMVT () =tamsx, [x|< 5
0
X3+ 2ax2+bx |1=0 = 1+2a+b=0 5 —IxLiIx]z 35
Q.35 (3) T2 e
(1) f(0) = 0 o ;
f(1) =0 Rolles Thrm. is applicable E =
2
o f(3)-f(=3) / ............. — \
@TE= "33 T2
ec:ﬂ x:—%ismaxima
6 Q40 (3)
06 _1 f(X) =x*=3px*+3(p*—1) x+ 1
= 3 f'(xX)=3x2—6px +3(p?°-1) =0
6e |
e—1
C=In| 6.3 =/n(ef-1)—/n6-3 -1 3
€ x=p-1 & p+1
p+l>p-1
sop-1>-2 & p+l<4

14



Q.41

Q.42

Q.43

p>-1 & p<3
pG (_1! 3)

(2)

fbo=%+2m+1

f(=1) =0

—a-2b+1=0

a+2b=1

f(2) = 0

a
E+4b+1:0:>a+8b+2:0

—-6b=3=b= 7,a=2

(1)

Lety=ax®+bx+c

A:3=4a-2b+c ...(1)
B:l=a-b+c

(2)

D (2,7)

C:7=4a+2b+c ...(3)
b=1=a=c
y=x*+x+1

Q.44

Q.45

Q.46

Method (1) Make determinant using areaof ABCD 47

then diff with respect to x
Method (2) Areawill be maximum if tangent at C will
be parallel to BD

dy _ _ (-1

dx =2%+1=1%1

2, +1=2

xo:]JZ

_1,1,, 1244 7
Y= 4T T Ty T

(4)
f(x) =x® (1-x)"®
fr(x) =25x** (L —-x)®"=75x® (1 —x)" =0
® S
1/'4
= x=1/4
X = 1/4 maxima

Q.48

Q.49

Application of Derivatives (Tangent and Normal)

(3)
f(x) = x* f(x) = x>
f'(X) =x(1+/nXx) f'(X) =—x>*(1+/nXx)
1+/nx=0 x =1e
x=1e
o ® ® Q
l/le 1}e

1/e - minima
1/e - maxima

1 1/e 1
min. value = ° fl = | =eve

product = (e°) (g)¥¢ =1

(4)
max. valueat (X = %] 02 *//i/»‘
—1ei23
2 2
(1)

x =1 local maxima

(2)
o) ={x}

LA

X =5 isminima

(2)

fx)=x3+ax?—9x +b

f'(x) =3x2+2ax -9

f'()=0 > 3+2a-9=0 = a=3
f'"(X)=3x2+6x—-9=0 = x=1,x=-3

f(1) >0 f(3)>0
1+3-9+b>0 27+27+27+b>0
[b>5 b > 27]
b>5
(& b)=(3,6)
(2
1 1

F00= 3x +1)27% ~3(x 1)

15



Application of Derivatives (Tangent and Normal)
ffx)=0 =x=0
fO)=1+1=2
f(1) = 2w
max. value =2

Q.50 (2)

f(x) = x3=3x

f'x)=3x2-3=0

fl)=1-3=-2

f(-1) = -1 + 3 = 2 (reject)

f(0)=0
f(2)=8-6=2
max. value= 2

Q.51

[0, 2]

= x=%1

Q.54

-2 2

X =2 isminima
Aliter Approach

X 2
Sty /x 2 X
_X_’ p—
2 2 X 2

2 X 5
min. value= 2

It is possible only when x =

Q.52 (3)

+

AM >GM

2
X

2

>2

Q.55

f) = (x—=p)* + (x —g)* + (x —1)?

f'()=2(x-p)+2(x-g) +2(x-=0

p+q+r
3
f'"xX)=2+2+2>0

_ p+q+r
-3

= X=

is minima

Q.53 (2)

X2

yz
Given equation — + Z—
& a2 4

Q.56

Q.57

=1

Let point P (acos ¢, 2 sin ¢) on curve

Distance isd form (0, —2)

z=d?’=&cos? ¢ +4 (1 +sin ¢)?

dé
sin 2¢ + 8 cos ¢

16

=—2a&cospsing+8(1l+singd)cosp=(4—&)

dz
dp =0
_ 4 1 22
=sn¢=">3 =7 ~>1lal<—<2
a’ -4 (aZ ] 4
—-1
4
(reject)

X
cosop=0 = ¢=

2
OI—22—4 @) 2c0s20—8sind if = = =2
G = (@-e200s2p—Bsng if = 5 = 2et -
8) <0

Means ¢ = g will be maxima so point P(0, 2)

(3)

f(x) =2x*—9ax®+ 12ax +1a>0
f'(x) = 6x2— 18ax + 12&
=6(x2—3ax +2a) =0

X=2aa

f "(x)=6(2x-3a) | _,,=6a>0
f7"(x)=6(2x-39) | _,=—-6a<0
X =2aisminima =q

X =aismaxima=p

P°=q

&=2a

a=0 (rgect),

a=2

(4)
f'(x) > 0 = f(x) isincreasing.
f"(x) < 0 = f(x) is convex (opening down ward)

(4)

x=1=3=a+b

d?y

F =0=3a+b=0
x=1
3 9

a——E,b— E

(4)

E_H—h

R r

S=2nrh

Figure



Q.58

Q.59

Q.60

R
2
sign of E
9 dr
) R
Maximumat r = E
(1)
Let A be area

A=(2)E*), x>0

(U]

Figure

el E g

1
Atx = T,A IS maximum.

1
Largest areais ZT g2

2
(2)
_2 a3 _ &
S35 718
2
02 = a + h?
3
B,
v(h):3.§ h(¢2 - h?),
/
v'(h):O:h:ﬁ c @
/63
vV = —
max 2
®3)

Application of Derivatives (Tangent and Normal)

y = 4x
N
(X, 4X,)
()
A(Xl.o) (%,Oj — 5x+6
9A 1
dxy =0 = x,= 3

4 (1 1 4
- | = 6-9x—| = =
A—3(3M X3]_5

JEE-ADVANCED

OBJECTIVE QUESTIONS

Q1 (A)
dr dh
523,52—4, r=4,h=6
v =mnr?h
av _, pdr ,dh

= at =2nrh at +mr at

dv

ry =2n-4-6-3-n-16-4
= 1447 — 64n = 80rt cu m/s.]
Q2 (O

Thetangent at (x,, SinX,) isy —sinx, = cosx, (X —X,)
It passes through the origin.

. _ _ -2
SN X, =X, COSX, = X“/l— sin” Xq

y2=s8mx, =x4(1-y? = (x)y,) (x,y,) lieson the

curve

Y2 =x(1-y?).

— x2— yz = Xzyz
Q3 (B)

Let y = mx + ¢ be tangent touching both branches.

f(x) =—x%4 y =mx +c, x<0
X2+mx+c=0,m>0 (- x<0) (negative roots)
D=0=>m?=4c

17



Application of Derivatives (Tangent and Normal)

Q.4

Q.5

Q.6

18

f(x)=x2+8,y=mx+c¢, x>0
x2—mx+8-c=0, m > 0 (positive roots)
D=0=>m?=32-4c
=c=4,m’=16=c=4,m=4

(A)
f 2
. sinx” _
f/(0) = f[‘g %o =1 (slope of tangent)
Q.7

slope of normal is—1
Equation of normal isy —0=—-(x —0)
(D)
1 X = = xla
a + b 1 y = be”
d_y - — x/a
dx a 0.8
X —_X _9 x/a—_E
b~ b ! a’ "Ta

b

- _— xla —

y ax+b e’ 1
X, =0
y,=b
Point (O, b)
(B)
y2:x3
Let P(t2 t°)
2yy =3x
y - 2y
L .38 3
Y'h=%3 =5b
My, =tana =t, Q.9

Bt (t—t) (L +titp + %)
(ta —t) (t2 +tg)
My, = Slope of tangent at point p
M=yl

UG-t

t22 + tlt2 + t12 _ 3 ¢
(t+t) 271
t=—2t

tana
tanp
(B)
dy

X
2y + —— =4a+4acos —
Y a

dy X X
— =0=>co0s—=-1 =sn—=0
dx a a
using given curve

y2=4da(x +0)

y? = 4ax, a parabola.

(B) ,
— w2 =X—
y=X ym:1
dy _ _

&_pr_2x1 5 Tom =1
2x1—1

1 11

Xl_E P 2’4

1
Y, n

y—-1=—-4x+2
dy +4x =3 (1)
Intersection point
y=x-2 ..(2)

i
Qs s

(A)

Xy =&

nx"~ly + x"y* =0
X"~

y - Xn

oY
Y=

Equation of tangent

Y=Yi= =y, (x=x,)



Q.10

Q.11

Q.12

Q.13

at x-axis y=0 Q.14
X, =X=X, = X=2X;

a y-axis m=0

y=2y,

1
Areaof A= 2 (2x) (2y,)

=2 XY,

=2 x,7"
1-n=0 = n=1 Q.15

(B)

d_y =2x2—4ax+2>0v xeR
dx

D<O

2x-4.2.2.<0
(a+1(a-1)<0

—-1l<axl1

(B)

yz =x3+x2

curve passes through origin (0, 0) Q.16
If we want to drawn the tangent at (0, 0)

y2 =x2

y=x and y=-—x

(B
x=a(0+sno) y = a(1 — cos 0)
dy  asinb
dx a(l+cos6)

=1 => m=1 Q.17

p=2
2

X
xl:a(§+1j y,=a

L, =Y, v1+m?
L= \/Ea

(B)
y = al—n Xn
dy

— =n al—n Xn—l
dx

Ly =ha"x"ty]|
=[na-"x " ta x|
- |n a2—2n X12n—1|

2n-1=0

n=12

Application of Derivatives (Tangent and Normal)

(D)
F 2 — . ﬂ—__zx_
or x*=9a(9-vy); i - 93 =m,
For x2= a(y +1); &2 2

dx a
m, m,= —1 gives 4x?=9a . (1)

also by eliminating 'y' between the equation
of curves x?=9a ..(2)
from (1) and (2), weget a=4 ]

©
2X -2

y=x*Inx; y= in2

d
At x=1, mlzd—i =x*.= +x*(Inx +
Dinx=1

d In2
Atx =1, mz—d—y=zxm

(B)

f'f(x) =3x?+2ax +b+5sin2x>0 vy x e R
wsin2x>-1

=>f(x)23x*+2ax+b-5 vy xe R

= 3x?’+2ax+b-5>0 v XeR

= 422-4.3.(b-5)<0

= a-3b+15<0

(B)

Jp+4
f(x)=[ 1-p J X®—3x + /n5

b+ 4
f'(x)=5( 1p_+p —1] x*—3

f '(x) will have critical point have coefficient of x*
positive. But if the coefficient of x* negative and we
will not get any critical point and f(x) will be decreas-

Jp+4

1-p

ing function. So -1<0

If equality holds f '(x) = — 3 is still decreases.
Casel :1-p>0=p<1

p+4s< (1-p)y?

p>-3p-32>0

19



Application of Derivatives (Tangent and Normal)

Q.18

Q.19

Q.20

Q.21

20

Casell :1-p<0=p>1

Jp+4

1-p
Alwaystrue
pe ()
p+4=0
p>-4

3-+21

FinalanSNerpe{_A" 2 }u(l,oo)

(&)
x>1 = f(x)>f(1)
x>1=g(x) <9g(1)
= f(9(x)) < f (9(1))
= h(x)<1
()
Range of h(x) is subset of [1, 10]
= hx)>1
()
By (i), (ii) wehaveh(x) =1 = h(2)=1

(©)

2
f(x) = X cosec? >
4 2

X X
tan=— =
[ 2 2)

2 2

= f' (x) > 0 = f(x) isincreasing.

X 2 X X
f’ = —Ccosec”—cot—
=7 2702

For O<x<1,

©

f'X)=(—-2a-2) —sinx>0 or<0
&—-2a-2>snx or &—-2a—-2<snx
&-2a-2>1 or &-2a-2<1
&-2a-3>0 or -2a—-1<0

a>3, a<-1orae [1—\/5,1+\/ﬂ

(B)

f(x) =tan™ (sin x + cos X)

f'(x)= 2 (cosx—sinx) >0

1+ (sinx + cosx)
cosxXx—sinx >0

1 1
E cosx—ﬁ snx>0

Q.22

Q.23

Q.24

Q.25

Q.26

Q.27

(D)
asinx +bcosx

fe) = csinx +dcosx

adcos? x + adsin? x — bc sin® x — bc cos? x

Fe9 = (csinx+dcosx)2
ad—bc

09 = (csinx + dcos x)? >0 =ad=be

©)

f(x) =8ax —asin 6x — 7x —sin X
f'(x) =8a—6acos6x —7—5cos5 x

fora=0 f'(x)<0
fora=-6 f'(x)<0
fora=6 f'x)>0
(B)

f'(xX) =4 ac+3bx2+2x +1
f"(x) =12 ax®> + 6bx + 2

D =36b? - 96 < 0 (given)
f”"(xX)>0= f'(x) isincreasing

(A)

Put |x|=t

As xe[-1,2] = te]0,2]

let g(t)=2t3+3t>—12t+1
gt)=6(t+2) (t-1)

& 1 1 1 } »
« T T T T L

-2 0 1 2

Sign of g'(t)
90 =1
9(1)=-6
and g(2) =5, is the greatest value of
function.
(D)

f(1) < f(1) and f(1*) < f(1)
—-2+log, (b*-2) <5

0<bh?-2<128 2<b? <130

(D)

h(x) = f(x) —g(x) =1 + x In (x+Vx2+1j _



Q.28

Q.29

Q.30

Q.31

x2 +1

X

run=m(X+J;53)+(x+ x2+q

(1+x) X
\/x2+1 - \/x2+1

In (x+\/x2+1] =0= x= 0

h(x) is positive
h(x) > h(0)
h(x) >0

f(x) 29(x)

(A)
fx)=1+xm"(x-1)"
f'o)==mx™t(x=1)"+nx"(x—1)""t=0
m n
PECE)

=0

mx-m+nn=0= x=
m+n

(©

f(x) =x (x + 3) e

f(x) = (x? + 3x) e*?2

f(— 3) = 0 = f(0) Rolle's theorem. is applicable

f'(x) = (x2 + 3x) %2 (— %j +e*¥2(2x+3)=0

x=3,-2
x=-2e[-3,0]
(D)

Let g(x)=xf(x), 9g(0)=9g(1)
from Rolle'stheorem g' (c) =0
cf'(c)+f(c)=0 Ans]

(©)

By Rolle'stheorem

f=fQ = atb+11-6
=27a+9+33-6

= 13a+4b+11=0 ... Q)

Now f'(X)=3ax?+ 2bx +11
f'[2+}j
3

3a(2+%]2 +2b(2+%} +11=0

0 =

Q.32

Q.33

Q.34

Application of Derivatives (Tangent and Normal)

1 4 2b
= 3al4+=+— |+4b+ —=+11=0
(5 5
12a 2b
= 13a+—=+4b+—=+11=0
J3 NE]
From equation (1), we get
%Jrz—b—o 6a+b=0 2
\/é \/§— = a =0 ... ()

from equation (1) and (2), we get
a=1 b=-6 = a-b=1+6=7Ans.

(A)
2 (4) — f2(0)

@ F 4);(0)} ‘o

f '(a).f(b) x 8 = 8f '(a) f(b) or 8f '(b) f(a)

(B)
f(x) =tan x
_ f(b)-f(a)

1 = 2,
f'(C) = sec?C b_a

tanb — tana

sec’C = b_a

T
for {OE}

tanb —tana
_ >
b-a

sec?C=>1

f(a b) =

(B)

f(x) = x3 — 6ax? + 5x
f'(x)=3x?—12ax + 5
By LMVT

f(2) - (1)

f'(x) = 21

FOY  —t2) -t

X=

3] i)

= (8- 24 a+10) - (1-6a-—5)

FNJIEN|

21



Application of Derivatives (Tangent and Normal)

35 : ___b_2°
a= 28 min. g(b) =~~2a -2
Q35 (B) Q.39 (D)
differentiating both sides, we get
f(x) =x? (1 —x)9
3f (3x) —F (x) = (x) fr(x) = pxP~1 (1 —x)9—gx?(1 —x)9-1
= 3f (3x) =2f (x)
_pxP 1-x)"
, 2f (3) = (1—X)q—qxpﬂ
puttlngx:3,f(9):T:2 X
AccordingtoLMVT, =xP (1 -x)d [g—%} =0
f(9-f@3 1
f'Q)=————"=—% _ __P
(© 9-3 6 p-Px—q-Xx=0= x= "~
Q.36 (C) Q40 (D)
f'(x) = 3x2—3p2x + 3p>—3 2 2 9
= 3((x = p)2 — 1) o 2um2.2 +1-42)(2¢ +1+4/2)
=3(x <(p+ 1)) (x - (p - 1)) 0= 27 11
=>p-1>-2 and p+1<4 )
=p>-1 and p<3 20 21
=-1< p< 3 . +
- 0
Q.37 (C) sign of f'(x)

We have f(x) = cosx + cos™x?, x € [-1, 1] »
2 +1- 3 22— /2 >0
2X ) At x =0, f(x) is least.

f'(X)=—( L Least value = f(0) = 1
Vi-x?  J1-x*
o ] Q41 (B)

-1
— 1+ o
_Jl—xz[ V1+x2 f'(X)=3x2+ZaX+a=0< ;
Clearly f(x) isdecreasing for x > 0. P

_ + —_ é and —_ g
Also, f'(x)=0 hasonly oneroot x:T. atph=-7 of =73
3 given f (o)) +f (B) = 2
+ - y (0P +ao? +ao + 1)+ (B3+af?+apf+1) =
1,1 1 2
B (03 + %) +a(a?+p?) +a(a+p) =0
stilatirivs (o +B)>~30p (. +B) +af (o + B)>—2ap]
+ a(a+p)=0
= f (X) hasonly onelocal maxima. Ans. P
] 8a’ (_Q] 4_8‘2_§ 2a® _
Q38 (C) o7 "4z ) a9 "33 7O
f(x) =2bx?2—x*-3b . ,
f'(x)=4bx—-4x*=0 = x=0 & x*=b 4a 2a° .
f"(x)=4b—12¢| ,_ =4b-12b=-8b <0 57 ~ 3 0 (a#0Othink )
sof(x) will bemax atx2=b 4a 2 9
g(b) = 2b(b) —b?—3b — == a= - Ans.
g(b) =b2—3b 27 3 = 2

22



Q.42

Q.43

Q.44

Q.45

Q.46

(©
y=—x3+3x*+2x-27
y' =—3x2+6x +2

mex. sope=— o T 1 T 12

(©

2
f(x) = x4+ ax® + —3)2( +1

f'(x) = 4x3 + 3ax? + 3x
f'(x) = 12x2 + 6ax + 3
=3 (4x?+2ax + 1)
for concave upward
f'x)=0

A2+ 2ax+1>0
42-16<0

&-4<0

—-2<as?2

(A)
Let  f(X)=x3+px2+gx+r
f'(x) =3x%+ 2px +q

Disc. =4p?—12q = 4(p?—30q) = 4(p? - 29—

a)
wIf p?<2q = p?<3q

So, the equation f(x) =0 hasonereal and two

Imaginary roots.

(B)
let f(x) = xe
fPF(x)=(x+1)e

(B)
15 . 1.5 .
Area=ab + Ea sin® cose+5b sin6coso |.2
2 12
—ab+ @ ;b ) sin 29

Figure

(@2 +b?)

Maximum areais ab + >

D __ (36+24) 60 _,

Q.47

Q.48

Q.49

Application of Derivatives (Tangent and Normal)

(D)
Let point C (acos 6, b sin 6)

1 3 0 1
A== 1 4 1
2 |lacos® bsino 1

A=6-bsn0-2acos0
dA b 1

@ =O:tan9=£ = \/E

=acosf=-,/g axdbsn0=- 6

Point C (-6 . —/6 )

©
x2+h2=1
volume

1
v =< xbase x height

3
:—xhx6x§x2

3

3

=2 h1 -r
v= 2 hiL -

dv 1

dan =0=nh= NE]

(B)

A & B triangle are similar

I
)"\ (B)‘::'
X, Q)
‘ 0 ’.‘,-
x=20 F~. N0
E 1-x R A —=

1-x
X

cos (x —20) = =—cos 20

cos 0 = X
T

23



Application of Derivatives (Tangent and Normal)

1_
1-2c080= — X
X

dA
— =0 = x=2/3
dx
Q.50 (B)
INAACD
CD
cosa = —
X
A
X X
o
B D C
AD=xsna

Area (AABC)=2. % (AD) (CD)

=(xsina) (x cosa)
2
A=%_sn2a
2
It will max. whensin 2o =1
X2

A= —
2

24

JEE-ADVANCED
MCQ/COMPREHENSION/COLUMN MATCHING
Q.1 (AC)
y=x>+6x+10 y=ax?+bx+7/2
Y _ox+6 =2;d—y=2ax+b
dx (22 & w2)
dy
-2=-2(x+2 —— =2a+
y (x +2) dx a+b
y—-2=-2x+4 2a+b=-2 ... (€]
y+2X=6 (1, 2) will lie on the curve
2=a+b+7/2
atb=—— ... 2
from (1) & (2)
a=1,b=-5/2
Q.2 (A,D)
2y =x? P(x, ;)
%:ﬁzx = X1
X 2 D
Equation of normal
L
y_y]_:_ X1 (X_Xl)
If will passthrough (O, 3)
1
3_y1:_ Xl(o—xl)
3-y, =1 x?=4
y,=2 X, =2,-2
point (2, 2), (-2, 2)
Q.3 (ABC)
X=1t?+3t-8 y=2t2-2t-5
at point (2, 1)
2=12+3t-8 -1=2t2-2t-5
t=-52 22-2t—-4=0
t=2 t=2 t=-1
X, =4+6-8 y,=8-4-5
X, =2 y,=-1
dy dy
— =2t+ —— =4t-2
dx t+3 dt t
dy 4t-2 _6
dx 2t+3)_, 7
m = 6/7
[ —11/1+§
Y1 1+m? B 49 | V85
T m - 6/7 6

Slope of tangent = 6/7
7

Yi| _
"6

m

ST




Q.4

Q.5

Q.6

Q.7

(A.B)

3 2
f(x) = x5 +7x—-4
3 2
f'(x)=x2=5x+7],
f'(x)=x2-5x +7
cuts egual intercepts that means slope = 1
Xx2=5x +7=1
X2=5x +6=0
X, =2, x,=3
y,=8/3,
Point (2, 8/3)

P(X,, ¥,)

y, =712
(3, 712)

(A,B,D)

Tangent isy-axis at (0, 0)
= x=0

Normal y=0 X
Exactly three points

f(x) = x*
X1/3

(A,B)
y =cos(x +Yy)
y'==sin(x+y) (1+Y’)

_ sin(x+y) 1
Y =" 1isin(x+y) T 2
sn(x+y)=1

cos(x+y)=0
y,=cos(x,+y)=0
sn(x,+y)=1 = snx =1
3n

x =X
1T 2 2

b 3n
; —,0 -—=,0
Pomt(2 jand( 2 ]

This two points satisfies

(AQ)

X =a(cos O + 6 sin 0) y =&(sin 6 — 6 cos 0)
d

d_)(; =a-sin® +sn0 + 6 cos0)

d

)4 = a(cos® —cos O + 0 sin 0)

de

dy aosind

dx ~ afcosh bl

Normal

y—a(sin0—0 cos0) =—

0) ... (1)
y—asn0—0cos0) =—cot 6 (x—a(cos6 + 6 Sn 6))

@no (x—a(cos O + 0 sin

:tan(g +0) (X —a(cos 6 + 0 sin 0))

T
make are angle of [E + 9)

Q.8

Q.9

Application of Derivatives (Tangent and Normal)

Distance from origin of norma (1)

—a(sind—0cos0)—a(coso + 0sin0) (:(.)736

sin O
d=
\/1+l/tan26

= a which is constant

(A.B)
by =—ax-c Xy =2
a 4
y=—Ex—c y+xy'=0
oY
Y ==%
X
Slope of normal = y
X1
2 _
X __2 =
2 b y12
= X_1>0
LHS aways positive 2

so RHS should be positive so a, b should have opposita

(AQ)
2
X—2+ﬁ:1; y3 = 16x
a 4
2X 2
= . - 2y’ =
22 4 0 3yy' =16
y,_—4x Y= 16
a2y ) 3y2 )
- _yo 18
™7 a%y, m=y = 3y?
m xm,=-1
—4xq 16
x o =-1
a’y; = 3yf
i 1
3a%
4
¥=3
2
a:iﬁ

25



Application of Derivatives (Tangent and Normal)

Q.10

Q.11

26

(A.C)

(neN)

E]
1
o

S

If niseven

If nisodd

n— even(a b) & (a,-h)
n— odd (a b)

<< <
o+

y-b=+ (x-2)

by —b?=ax — &
ax—by =& —b?

-1
dy __(b)' (L&) _b_
@) o __(aj ( bj “a ™
M, = —alb
y+b=—t (x-9)
ax+hby=a-b

(A,D)

y=x?+ax+b

y =X(c—X)

=cX —X?
dy

ml:& :2)(+al

(1, 0) satisfies
l+a+b=0
c-1=0=c=1

@m=2+a

Q.12

Q.13

Q.14

(A,B)
x=2Incott+1 y=tant+cott
d 2 d
L (— cosec? t) i = sec? t — cosec? t
dt cott dt
at=—
!
d_x_ 2 tant d_y_2 2=0
dt ~ sin’t da ~ 7
_ =2 _
= w2 T4
dy . .
ax =0 Tangent is parallel to x-axis
Normal is parallel to y-axis
(8,0
y = ke at y-axis
d x=0,y=Kk
m:_y:k2ekx
dx
m = k?
t e—i
an 0 = 2

1 1
0 =tan? (—J =cottk®=sect | T
k? [J1+k4J

(A,CD)
(A) y2=4axy:e—x/2a
E E /29
M=2y Ty M7
_ jw
m xm,=-1 2a’!
(B) y? = dax x2 = day
,:£2x=4ay’
2y ,_ﬁ
"~ 4a
(©) Xy = & x2—y2=h?
y+xy'=0 2x—-2yy'=0
Y X
y X y= y
mlme:_
(D) y=a X2+y2=c?
y'=a 2x+2yy'=0
ax L ,
m, X = == =
m, y y



Application of Derivatives (Tangent and Normal)

Q.15 (AQ x =2, 3, 1 critical points
y =1(x) @ S ® S
Letf(x) =ax®+bx +c ! ' '
this parabola touchesy = x lineat (1, 1) Tinx e (=2, ) U (2,3)
that means slope at (1,1) =1

f'(x)=2ax+b Q.20 (AD)
2a+b=1 .. (1) f(x) = 2x + cos? x + log (4/ 2 —X)
(1, 1) will dlso satisfied the curve Lrx
l=a+b+c ... 2 1

. 1 2X
=1 =21 2+ 12 [ 2_1J
2%(0) = 1—f (0) 1+x2 " (V1+x2 = %) (2414 x
f(0) = ¢
LHS = 2¢ _ 1 1
RHS = 1—f/(0) from() & (2) a=c =272 T e x?

=1-b
=22 =2 20+ X% —1-114 2

Q.16 (A,B) 1+ x?)

f(x) = x + sinx
(1+x2)+x2—\/1+x2 0
= >

2 =
1+ x2)
f(x) T is (—0, x)

Q.21 (B,Q)

n
2

o(x) = 2f (gj +f(1-x)

f'(x) =1+ cosx

—1<cosx<1 X X
0<1+cosx<2 gx) =f 5 —f'(l—x):0:>§:1—x
Increasing 5
Q.17 (A,B) = X=§ critical point.
f(x) = xmn
Let =2,n=3 " P B
o g'0)= (2] +F(1=x)
2 ® @ f'(x)<0for0<x<1
f'(x) = 3 X3 [ f'(x/2) <0
0
f(x) is{ isx e (—o, 0) o< X1
Tinx e (0, ) 22
0<1-x<1=f'(1-x)<0
Q.18 (A,D) g"(x) <0 = d'(x) is decreasing function
h(x) = f(x) g(x) (4), (1) because Jfunction
=1tx) g (x) +9(x) f'(x) >0 . ® . © .
tve - 0 213 1
hisincreasing OE A 31 .
h(x) = fog(x) = h"(x) = f'(9(x). g'(x) <0 xe|%z] Tand 3
h is decreasing
Q.22 (B,Q)
Q.19 (B,O) f(x) = sin X + cos X
fx)=2n(x—=2) —x2+4x + 1 f'(x) =cosx —cosx =0
5 tanx=1
f'X)= ——= —-2x+4 -
X-2 X =nm+ Z
1 @ C) ®
— - — T T T T
_2[(x—2) G 2)} N=0,x= — 0 © Bt 2n
4 4 4

27



Application of Derivatives (Tangent and Normal)

Q.23 (AB.C)

1 2x—(1+x2) _ —(x—l)2

T2x T 2x@+x%) T 2x(1+x?)

)
|
0

f(x)isd forx >0

1
Greatest value will beat x = ﬁ
(1) .1 1 (1) & 1
)T E T2 e Te e ™
least value will be at x =,/3
1 T 1
= -1 R = — _ =
f(v) =tan? /3 > ny3 3 4fn?,

Q.24 (ACD)

f(x) =log (x—2)—$

)

.7 y:X
_-""i‘-":"‘/" f(x)
. 1 i X2 +x—2
v X% (X —2)
(x+2)(x-12)
F(x) x2(x—2)
(€] @ @ ® @
I I I 1
-2 0 1 2

f(x) is monotonic increasing.

28

Q.25

Q.26

Q.27

Q.28

Q.29

(A,D)

(A)f(0)=0

f(0)=0

f(n/2) = e™2

Rolle’'s theorem Not applicable
(b) f(-<1) =1 (3/2) =0

(c) f(x) =sin[x|

differentiation is [, 2x]

f(x) = 0=f(2n)

1
D=sn—
X
(A,B)
y=2x2—/n x|
1 2_ 2x—=1)(2x +1
yoao b o2 M1 (@x-D@x+Y
X X X
® S) ® @
| | |
_1 0 1
2 2

(AD)
O'(x)=3f2f —6ff" +4f' + 5+ 3 cosx —4 sinx
=f'(x) [3f2 - 6f + 4]

\A

d<o0
¢'(X) increasing as f increasing

(AQ)

o(x) =f(x) +f(2a—x)

¢'(x) =f'(x) —f'(2a—x)
X=2a-X= critical points
¢"(x) =f"(x) +"(2a—x)

f'"xX)>0 for0<x<2a
f'(2a—x)>0 0<2a-x<2a
¢ (x)>0
¢'(X) isincreasing
® @

| | |

0 a 2a
x e (0,a)
xe(a2a)T
(A, B)

f(x) =3x*+4x3—-12x2 -7
fi(x) = 12x3 + 12x2% — 24x



Q.30

Q.31

Q.32

=12x (x®2+x-2)
=12x(x+2)(x-1)
® C} ®
! 2
dis(-2,0) U (1, )
T x e (0, 0) U (2, )

(C.D)

1
f(X):X+l ﬁ

1
f’(x)=1—w =0

X =0, 2 are critical point
decreasing x € [0, 1) u (1, 2]
increasing x € (—o ,0) U[ 2, o)

(A.B)
f(x) =x2(x + p* + ¢ +1?)
By using determinant prop.
f'(X) =2x (X + p? + @ + r?) + X2
=X [3X + 2p? + 20 + 2r7]
® 0 ®

2 0
—§(p2+q2+r2)

2
Tx<—§ P+ @E+r)Ux>0

¢x6[—§m2+¥+@»@

(A.Q)
(A)f(z) =tanz
) - ()
f@) == %

1 ~ |tan_1y—tan_lx|
1+2° _| y—x |

tan‘ly—tan‘1x|
yx | <1

Aliter
[tan™ x —tanly| < |y — X|

il haie | =T
Thiswill beis 2’2
But RHS can infinite so aways true.
(B)f(z) =sinz

f'(z) = cos z
fly)—f(x) _ siny —sinx|
—y—x = —y—x =|cos z| <1

Q.33

Q.34

Q.35

Q.36

Q.37

Application of Derivatives (Tangent and Normal)
[sny —sinx|< |y —X|
Aliter
[sny —sinx|< [y —X|

LHSasx — oo,

afinite quantity between—1to 1
RbS will be infinitely
whichisawaystwo.

(A,B,C,D)
fx)=16x3(3Inx-1)=0
x = e ismining

f'(x) =16 (9%%Inx)= 0
upward (1, )

downward (0, 1)
x=1=f1)=-7

(B,D)
X=rcosf,y=rsno

4
= r—2=5(1+00829) +3sn20+1—cos20

=6+ 4 cos 20 + 3 sin 20, which has maximum 11 and
minimum 1

.. OP has minimum i and maximum 2.

V11
(A,B, D)
_ X+1
1) = X% +1

R+ F'X)+2xf(x)=1

, 3x% +2x +1
f'(x) = (2 +1)2 #0
x3 +3x% -3x -1
f(x) = =

(x2+1)4
x3+3x>-3x—-1=0
x=1) (x*+4x+1)=0

Xx=1 (C+4x+1)=0 = x=-2%43

(D)

2

x° -1

f =
(x) 21 @\/®

= 2

0

n 4x o
f'(x) = (x2+1)2 X =0isminima
f(0) = -1
(A,CD)

f(x) = 40 (3x* + 8x® — 18x2 + 60)*
f ’(x) =—40 (3x* + 8x% — 18x? + 60)?
(12x3 + 24x% — 36x)
f'x)=0
29



Application of Derivatives (Tangent and Normal)

Q.38

Q.39

Q.40

Q.41

30

= 12x(x*+2x-3) =0
12x(x+3) (x-1)=0
® S) ® ©

T T T
-3 0 1

x=-3,1 Loca Maxima
x=0 Local minima

(B)

f(x)=asln|x|+bx?+x
f’(x):%+2bx+1

f(1)=0 = -a—2b+1=0 .. o
F(2)=0 = %+4b+1:0 ..... @

Solving (1) & (2)
wegeta=2,b=-1/2

(ACD)
If n=2
f(x)=(x*-12(x*+x+ 1)

NN

1
If n=3
f(x) =(x*-1¥*x2+x+1)
- 0 1
-1

(AC)

in"1x)2  3(cos1x)?
f,()():3(S|n x)* X ) 0o

\/1—x2 \/l—X2
Ly = 1 -
Snix=costx = x= o

critical pointsare x = 1, -1, =

4
{55
4)7 37

3 3
() =-T5 +n = 7%
(B,D)
y =109 =

1+ xtanx

Q.42

Q.43

Y. When is reciprocal take min. value

1+ xtanx 1
— = — +tanXx
X X

1
y

1
Let z= ; + tan X

dz 1
x X2 +sec?Xx=0 = X=C0SX
d?z 2
d—zzx—3 +2sec?xtanx >0
X

min. a X = cosx
y takemax. value at somex,
where X, = cos x

(A.Q)

f(X) =— v1-x2 ,

—-X x>1

()
Dl
L

(B.D)
X=¢(t) =t5 -5 -20t + 7
y=y(t) =43+ 42— 18t + 3
x = ¢'(t) = 5t*— 15> — 20
=5(t?-4) (tt+1)
x #0 when 2<t<?2
y = y'(f)=12t2+ 8t - 18
=6(22-t-13)
=6(2t-3)(t+1)
y=0=1t=372 t=-1

2<t<?2 satisfied

dy _y _

dx_k_o x=0)

y =0 = t=-1,32
dz_y_g(zj_g(zjﬂ _Xy-yx
w2 dx \x) T dt\x)ax T (%)?
d?y XV o1
dx? X X
d’y Y 6(4t-1)
dx2 ~ x>~ %?

d2
att=-1 —>2'<o
dx



Q.44

Q.45

Q.46

Q.47

Q.48

Q.49

d2y
at=3/2 —2 >0
dx
t=-1 y =14
69
t=32 y. . =——
(AD)
2 x=a 2 |x=a
(A,C)
Inall three definition separately differentiate & check.
(A,C)
a+b=9 ¢
1 a
V= 37 r’h
b
1 1
—— 2 — 2 (Q_
3 nb*a 3 7 b? (9-Db)
dv
db - O=>b=6=a=3

¢ = [a2+b2 :3\/5

Surfacearea=nr ¢

=nb/

=n(6)(3J5)=18 45 =

(A,B,C)
f(x) =sin x —x cos X
f’(X) =cosx + x Sin X —CcOS X
f'(x)=xsinx=0

= x=0 snx=0

(reject) x=nm

f’(X) =sin x + x cos x
x=n f"(n)=-—n<0 max.
x=2n f'"(2rn) =2z >0 min.
x=—n f"(-x)=n>0 min.
x ==2n f "(-21) = - 2x < 0 max.
(A,CD)
check for
f(l+x)=f(1-x)
& f(2+x)=f(2-x)
f'() <0
= x =1 ispoint of maxima.

(B.0)

ax? +2bx + C

Y= Ax? +2Bx +C
Cross multiply

Q.50

Q.51
Q.52

Q.53

Q.54
Q.55
Q.56

Application of Derivatives (Tangent and Normal)
ax2+2bx+c-y(Ax2+2Bx+C)=0
D30 VX eR
Lety € [a, B]
Equality holdswhen D =0
= a, B arethe extremum values

(A, C)

From options we can check by putting the value in
function instead of differentiatig the function.

Comprehension # 1 (Q. No. 51 to 53)

(B)

(D)

(C)

(51 to 53)

da =2 =2t+

gt - = a= c
c=0 {+ a=0,whent=0}
a=2t

the curve y = x2 — 2ax + & + a becomes
y=X2—4tx + 42 + 2t
if x =0, theny =4t + 2t
d d
d—y:2x—4t LY =4t
X dx at x=0
equation of the tangent
y—(4t2+2t) = -4t (x - 0)
i.e y=—4tx +4t2 + 2t
vertex of y = x2 -4t x + 4t2 + 2t is (2t, 2t)

.. distance of vertex from the origin = 242 t
.. rate of change of distance of vertex from origin

with respect tot = 22

ie k=242

c(t) = 4t2 + 2t

dc
L= =8t+2 . — =162 +2
dt dtatt:Z\/E
L 0=16+2 +2
m(t) = — 4t
. d_m—_4 . d_m - 4
Cdt . dt |,

Comprehension # 4 (Q. No. 54 to 56)
(A)
(B)
(D)

31



Application of Derivatives (Tangent and Normal)

54

55

56

Q.57

Q.58

32

-5/2 o 5/2
3

f’(x)=—5x2—§x+3
(5)_ 3 25 3 5
f(Zj 2% g T2%2 "8
75 15
g 4 '3
__8
"8

8
Slope of normal = 81

Equation of normal

=8ly=8x-20
or8x—-81-20=0

f'(0)=3

.. Equation of tangent at Q (0, 5) is
y—-5=3(x-0)
X-y+5=0

Comprehension # 2 (Q. No. 57 & 58)
(©)

(B)
(57 to 58)

X +sinx
Let g(x) =

function of x.

T
range of g(x) is {01 E}

X +sinXx
2
Now let © <t < 2x, then
f) +f2n—1) ==
2n—t+sin(2n—-t)
2 - T

f(x) =

, X € [0, n]

ie  f()+

, X € [0,m]. g(X) isincreasing

Q.59
Q.60

Q.61

t sint
i. f)+n———-—— =
i.e M +x > 5 T
t+sint
i.e f(t) =
="
X+ sinx
f(x) = > forn <x<2n
X +sinx

Thusf(x) =

5 forO<x<2n

Also f(x) = f(4n — x) for al x € [2r, 4n]

= f(x) is symmetric about X = 2x
O| 27 4
Figure
from graph of f(x)
oa=2n-0=2n
p=a

N |

Maximum value isf(2n) = =

Comprehension # 3 (Q. No. 59 to 61)
(A)

(B)

(C)
(64 to 66)
AE=12
A
S R
D
: P E Q C
Figure
AABC, AASR are
similar triangles
AD _ SR
= AE ~ BC
AD = e SR= SR
T3 3
AreaPQRS = SR. DE
SR
=SR.(12- —°)
3
_122
Maximum PQRS = 71 - 108
{3
3



Q.62

Q.63
62

63

Q.64

Length PR = /sp? ;. 5R?

2
= \/(12—%} +SR2

= \/%SRZ _8SR +144

Minimum PR =

Comprehension #5 (Q. No. 62 & 63)
©
(B)
@3 +ax2+acx+ad=0
has three real roots.
and from Eq. (i) ax3+ bx2+cx +d=0
has two positive and one negative real roots.

1
L (1+e)(ax® +bx? + cx + d)dx

_[02 (1+e)(ax® +bx? + cx + d)dx = 0 Q.65

= X €[0,2]

(A)p;(B)rs (C)q,t

dy
cayY o2
(A) = 4y =2ax

dyj  _a_ 4
dx a1y 2

>a=2

Also (1, -1) lieson 2y?=ax?+b

= 2=a+b

- a=2,thenb=0

= a-b=2(P)

(B) -+ (a b) lieson the curve 9y? = x®

Therefore, gp? = g3

18yd—y =3x°

dx

dy x*> _dy a’
ad ) "By  dx|,, 6D

Since, the normal to hte curve at (a, b) make equal
intercepts with the coordinate axes. Therefore slope

of normal = £ 1
1 dy
dx

a2
=+1 = —=+1
(ab) 6b

(a,b)

Application of Derivatives (Tangent and Normal)

3
= 22 =+6b = a* =36b° = 36(%]

- a=0,4thenb=0, +8/3

But the line making equal intercepts with the coordi-
nate axes can not pass through the origin

Hence, the required points are (4, 8/3) and
(4, —8/3)

~a—-b=43(R)anda-b=20/3

and a+|b| =4 + 8/3 =20/3 (9)

(©) (1, 2) liesony = ax®+ bx + 7/2
2=a+b+7/2

=>a+b+3/2=0

dy =2a(l)+b=2a+b.
dx 22) '

. 1
Given2a+b= >

Solving Egs. (i) and (iv) , then we get
a=1b=-572

a-b=7/2(Q)

and 5a+2b=0(T)

(A) (p), (B) (s), (C) (a), (D) (r)
(A) 1<|sinx|+|cosx|< 2

PV
N

Figure

tanb =

1+0

5
C0Sec?0 = 2

d
(B) Length of subnormal = ‘yd—i

—T
-3 cos[Tj 3 3 9

V2272

- —3sin[_—n

© fX)=12(x+2)(x+1) (x-1)
= a=-2,b=-1

—F—p —+
- =2 -1 =1

sings of f'(x) 33




Application of Derivatives (Tangent and Normal)

3,13 3 3
a”+b a”+(8-a) 8
(D) 8 - 48 =78 (3a2 — 24a + 64)
Mini a+b® 8 (4364-24) 8
inimum === is 2= 3 3

Q.66 (A) (p.a); (B) (r8); (C) (r.9); (D) (r.9)

(A) f(x) is continuous and differentiable f(0) =

f(n)

Hence condition in Rolle’'s theorem and
LMVT are satisfied.
(B) f1)=-1,1f1)=0,f1)=1

f(x) is not continuous at x = 1, belonging to
13
2’2
Hence, atleast one condition in LMVT and
Rolle's theorem is not satisfied

(© f'(x) = % (x=1)%,x=1

At x =1, f(x) is not differentiable.

Hence at least one condition in LMVT and Rolle's
theorem is not satisfied.

(D) Atx=0

imt eX+1
LHD.= """ g ==

RH.D.=1

At x =0, f(x) is not differentiable

Hence at least one condition in LMVT and Rolle's
theorem is not satisfied.

Q.67 (A)ps(B)p.arst(C)pag

=1

1 _ (l_Xz)
PO =1y
1-x?

fI(X)<0:>m<

=>1-x)<0=x*-1>0
X e (-o,-1)u(l,x)(P,S)
(B) f(x) =tanx—x
1 x?
s fi(x) = -1=-
) 1+x° 1+x°
~ f'(x) < vx eR(P,Q,R,S,T)

<0

(C) - f(x)=x-e*+ tan(gj
34

Q.68

or

f'(x)=1-e*>0
e¢<lor e<é
S X<0

X e (_Ool 0)(PI Q)

(A) (1, (B) (), (C) (@), (D) (P)

(A)

4-x
. PS= —— tan6° =

Let PQ =x

4-x

ThenBP=

V3 (4-%)
2 2

Figure

area A of rectangle = g (4-x)x

dA
—=£(4—2x)=0 = Xx=2
dx 2
d?A
o2 T30
A ismaximum, when x = 2.
Maximum area= g 22= 2\/5.;
Square of maximum area = 12
(B) Dimensions be x, 2x, h
72=x.2x.h
36 = x*h....(1)
S=4x?+ 6xh
36
S=4x>+6—
X
ds _ o 216 80¢-3%
dx KT 2 T N
Forleast S, x = 3 and least Sis 108.
© Lety=y_314x—x2

D)
o}
(5,-4)
P
Figure

X*+y?—4x+3=0



Q.69

(x—2)2+y?2=1, center C=(2,0)
Consider point P(5, — 4)

CP=\9+16 =5

Maximum value of

2
(V—3+4x—x2 +4J +(x—5)2 is (5 + 1)2 = 36.

(D) TR
Figure
X2+y2:5
a
5= J5 cosH, b= /5 sind

Let f(0) be perimeter
f(6) =2a+2b

= 2./5 (2cosh + sinp)
f' (0)= 2./5 (- 2sin® + cosd)
()= 24/5 (—2cosh — sind)

1
() =0=>tand = > and " () <0

= f(0) is greatest
a=4,b=1
a&+b*=65

(A)rt(B)q(C)ps

(A) Thefunction f(x) is differentiable except at x =0

.. f(x) isnot continuous at x = 0, also

2 , 4
- f(x) = 2x@ + ?:f (x):4x—F
Critical pointsare x =1, -1
Now , values of f(x) atx=-2,-1,0, 1, 2
are f(-2), f(-1), f(0),f(2), f(2)

17 17 17

ie —,41,4-" o G="L,L=1= [G+L]

2 2 2
=9,(G+L)=10(R,T)
(B) Givenf(x) =x®—-6x2+9x +1

(X)) =3x2 —12x+9 =3(x-1) (x-23)
~Xx=1,3but3e][0,2]

G = max {f(0), f(1), f(2)} =max {1,5,3} =5

L=min{(0), f(1), f(2)} = min {1,5,3} =1

=G=5L=1=[G+L]=6,(G+L)=6(Q)

1
(C) Givenf(x) =arctan X — 3 Inx

Q.1

Q.2

Q.3

Application of Derivatives (Tangent and Normal)

NUMERICAL VALUE BASED

[4]

X4—|—y423.4
VL N T AV VP o
4x +4y3&70 Y y—y, = v (x—%)y=0 xfx13
4 4
a
y— yl:igy:_3
Y1 Y1
4 —16/3
a a
P—_3 P_4/3—T
X X
4 a716/3
! - —4
Y1
p74/3+q74/3 — a716/3.a4
a3 k=4
(3]
, 1
y=3x+3 but f (0>=—§
2X

lim

w0 2xf '(x2) — 40* f '(4x) +-56° £ (7x¢%)

1
f'(0)—20f'(0)+ 28f(0)

[6]
Lettangentisat P(h, k)

. dy dy -2y -2

2xy + x2=—2=10 js—— e

X dx X h

-2K
Eqr of tangent Y — K ZT(X— h)

3h
X—intercept = A= 7 ,

Y-intercept = 3k=b

a’h 9n’3k 27h%k 27
c? 4c? Vilo 4
(ash’K =C°)

35



Application of Derivatives (Tangent and Normal)

7]

Q4 4
X2+ y?=a’J2 and X¥* — y? = a?
dy_-—x.dy_Xx
dx y dx vy
2(2) | a(471)
=y =
2 2
Q.8
tan‘l[x+x]/1xz tan ™ 2(ﬁ+1> —tan 227
y y)oy L [V2+1 -2
V21
tan ' (-1) ==
(3]
Q5 [3
Let f(X):\/X—1+\/2—X g(X) =x2—bx +c
1 -1
f'(x)= =0
( ) 2x—12v2—Xx
g'(x)=2x-b
J2—x=+x-1 9'(x)=0 b=+3
3
=2 f(x)=0
=X > (x)
Q6 [1
f (X) = x/10g .X hasdomain (0,00)—{1}
f(X) is decreasing when fl(X)<O
|OgeX:|.—X1 Q.9
—X<0= x<e
(log .x)

f(X) is decreasing on (O,l) U (lE)
— no of integer value of x is 1
Q7 [

Given f :[1,10]=[110]
is a non decreasing function

36

g: [1, 10] - [l 10] is anon increasing function.

h(X)= fOQ(X):[l,lO]—)[l,lO] is a decreasing
function.

h(l) >1-51

But X>1= h(x)<h(l)= h(x)<1-2
From 1, 2, h(X)zl VXE[ZLlO]

so h(7)=1.

(2]
Giventhat x and y aretwo real variables such that x>0
and xy=1
To find the minimum value of x+y
Let S=X+Yy

1
= S= X+; (using xy=1)

For minimum value of S, differentiating of abovewith
respect to x,we get

o _y 1
dx X
ds
For minimum valueof S,— =0
dx
1
=1-7=0 o ¢=1=x=+1

But x>0, . x=1

d’s 2 N d’s
Now =— >

x> X dx* |
.. Sisminimum when x=1

1
in:1+_:2
S 1

=2=+|ve

1

(3]

V = 2ar’JR? —r?

(e




Q.10

KVPY

V'(r)=0we get \/gR:r:>h28\/§ k=3

(3]

f(x)=x—3x+1
f'(x)=3(x~1)=0
f(-1) f(1) < 0

PREVIOUS YEAR'S

Q.1

Q.2

Q.3

(B)
Letinitialy 2 bases have radii 5 cmand r cm.
Finally base haveradii (1.21 x 5) and r

\Y,

Ratios of volumes = 72 =121
1

v, :“—:[(6.05)2 +(6.05)r +1?]

V, = R—;[SZ +5r+r17]

v, (6.05)" +(6.05)r +r?
2-121= =
Vv, 5 +5r+r? 121

_ 263525
21

=T :%cm:SSmm

(D)

Speed of B =V km/hr

Speed of A =3V km/hr

Given4V =2 x 60km/hr =V =30km/hr
Distance covered by then after 10 min =2 x 10 = 20
km

so remaining distance = (30 — 20) km = 10 km

Time taken by B to cover 10 km = =20min.

30/60
Total time =20 + 10 = 30 min

(B)

11" curve

Q4

Q.5

Q.6

Q.7

Application of Derivatives (Tangent and Normal)

X == point (1, 0)
similarly Ist = point (0, 1)

distance = /2

(D)

Here weight will be measured in two criteria's weight
of bucket w + weight of water (nr*h x density) in first
case

W+Tcrznp=10
2
in second case

W+nr2§hp:11

w+3=10

w=7

Hence total weight is
w + ntr*hp
=7+6=13

(D)
f(x)

_sin(x—-a)+sin(x+a) _ 2sin(x).cosa _

= = cot a
cos(x—a)—cos(x+a) 2sinx.sna

(©

f(x)=x"1-2n+ 1 x+a

f'x)=@n+1) x*-(2n+1)

=(2n+1) (x*-1)<0whenx e [-1, 1]

f(x) is strictly decreasing in [-1, 1]

f(x) cut x axis at most oen point in given interval

/

X

(A)

2 3 4
f(x)=l+x+x—+x—+x—
2 6 24

2 3
Fr(x) =14+ x4+ 2+ 2
(X)=1+x+ >

37



Application of Derivatives (Tangent and Normal)

X2
f7(x)=1+x+—=>0
2

= f’ (x) isanincreasing f"
=f (X =0ax= x,

x2 X3
f’ =0= 1+X,+—2+-2=0
= (x,) = ot 5t
(A)
ff(-2f (1) <0
= X, € (-2-1)
2 3 4 4
f(xo):1+xo+ﬁ+ﬁ+ﬁ:ﬁ
2 6 24 24
no solution
X,
Q.8 (D)
Giventhat 2r + ro = P r—i
- 2+0
2 2
area=1r29=l9( P) _1 P92
2 271240/ 2(2+0)
dA
—=0 _AC
do 0=2
Q9 (D)

1
f(X)=ox?—2+=
(x)=ox »

3
f(x):w+2x+1 VX (0,00)

s0 ¢(x)=ax®—2x+1should be positive
O(x)=ox®—2x+1
¢'(x)=3ax*-2=0

/2
X==,|— point of minima
30 p

38

Q.10

Q.11

Q.12

d
—(f(x)e™)<0

dx( (x)e™)

g (x) = f(x)e> is non-Increasing function
x=0

g(x)=<g(0)
f

f(Xx)<0 butgivenf (x) isnot negative
. f(x)=0 Constant function

(©)
P(x) =12x2-3=3 (4x*-1)

In—l,} P'(x)<0
(-33)P)

22

= P (x) isdecreasing = Range < (P(-

1),P(A))
Range < (-1,1)

(B)
Iirrgfn(x)zf(f(f( ....... o times(x))
1
Now for x, € (OEJ
f(x)) >x, asf (x) is concave - downward

Thusf, —>%&Sn—>oo

Similarly for x, € (%1}
f(x,) <x, asf (x) isconvave upward

Thusf, —>%asn—>oo



Application of Derivatives (Tangent and Normal)

Q.13 (A) 2R = 2h
f'(x) = 3x2—6ax + 278+ 9 h:R=1:1
=3[x?—2ax + 92 + 3] = 3((x —a)2 + 8a& + 3)
- f'(x)is+ vefor x R so f(x) is monotonicT

forx eR. Q18 (A)
xo+ya>1 Xo — Yo fixed
Q14 (© x,y arbitrary
(8%22 I:gs on the curve W iy? <1 Let Xx=cosd
dy dy for men Y=
NOW i = 2X+p'(&)<o,s) P Z= (X=X )+ (y =y,

zZ= X2+X02+y2+y02 —2(XX0+yy0)

L ptg=-1+3=2 put x =cosh ,y =sin

Q.15 (D) z=x2+Y5—2(X, COSO+Y,sinod)
y D(3a 3a) E:>0—2(—x0sjne+yocos€))
2 2) do
2] ey A % =0
0EP dz
—X, Sin6 = —y, cosd
60° 3
de——a——A=0) VXG+ Yo
1 Yo
G
M, =——
BD \/§ e
Xo
Q.16 (C)
P(sin’x) = P(cos’) tano Yo
P(sin>x) = P(1 — sin®) Xo
P(x) =P(1-x) v xe[0, 1]
Differentiable both sides w.r.t x §no———Yo
P(x) = —P(1-x) Xo+ Yo
1
So P'(x) is symmetric about point X = 5 006 = —— 0 -
So P'(x) has highest degree odd o Yo
= P(x) has highest degree even
M. TV 7
Q.17 (A VE+Ye T xo+y
S=2nR? + 2nRh + nR? , ,
(R = radius of hemisphere & cylinder) [ Xq ] [ " ]
7= ——2— X, | +| ==Y,
V= Z75R3+TCR2h \IXSJFYS Xo+Ys
3

2 2
2 o, oo [5-3R P Y RV B Y

V= 3TER +7R X[ >R j Xo [m +Y, m
d_sznR2+§_9_nR2 (1—\/x§+y§)

dr 2 2 (X5 +Ve)—=7"

av (Vi+¥2)
For maximum and minimum d—R:O , ,
5iR =S (1—\/x§+y§) :>(1/x§+y§ —1)

5nR? = 3xR? + 2nRh

39



Application of Derivatives (Tangent and Normal)

Q.19

Q.20

40

(B)
Let Height of cone=h

Radius of base=r
Anddant height= ¢;= ¢ =+/r>+h?
Given volume = surface area

1
— =nr*h=nrl + nr?

1
=rh=30+3r= fzé(rh—Sr)

i en? :é(h—3)
Q.21

2

P24 h? :%(h2—6h+9)

r’h®> 2hr?
h?=—"—
= 9 3
6r? 54
h= =6+
= r’-9 r’-9

Since h and r must be integers, and r?— g must be a
factor of 54
r?— 9 must be divisible by 3
=r=3k
h=6+ 4 =6+ 6
9k*-9 k-1
SinceO<k’-1<6
= k = 2isonly such value; for which h isinteger
S0, r=2x3=6

6
h=6+—=-=
3 8

=10
isthe only possible values for r and h.

(©)
Let height of radius of cylinder areh & r respectively.

2
Then volume V; = rr*h +§nr3 (A)
When height of cylinder is doubled then volume
Vv, = 2nr2h+§nr3 ..(B)
2
ﬁ_ﬁj 2h+§r 3

Giventhat v, 2 halp 2
= 2h+=r==h+r
:>D—£:> h—zr C

5~ 3 30 e ©

When radius is doubled then volume
V; =4nr’h +Enr3]
3
4h+1—6r
_ 3
Vioop +gr
3
V, _4h+8h _

By(3
YOV = Thn

Hence volume will be increased by 500%

(B)
y=x2—-48&2y=4-x2
Pla,B)=>2p=4-0a2

o 4-o?
P1%2

—oc 4-o?
Q™2

PQ = 2a
S(a, 0*=4), R (—a,, —4 + 0?)

) 4-0?) 30%-12
— —4— =
PS= [a 2 J 2

y=x—4

v
| S

Area=PQPS

(3a22— 12)

= 20.= =30®-120.= A(a)

0 =*—= maximum at 0‘=—E
Maix.=

16 16V3

8 2 —=022%9

A[-%) —Sg s e Y



Q.22

Q.23

Q.24

Q.25

Q.26

(A)

Assumeg (x) = p(x) —x?

(9(x) is polynomial— differentiable function)
given p(x) > x?= p(x) x>0 Vx =0
=>g(x)>0 wvx=0

and g(0) =p(0)-0=0

asg(x)> vx=0

= x =0 should be aminima

g (X)shouldbe>0atx=0

Now g’ (x) = p' (X) —2x

andg” (x) =p" (x) 2

E
2

3
:_E S0, contradiction

*. No such polynomial exist

(B)

P(1+x) =P -x)
- P(1) = - P()
Also P(1)=0

So if P(x) is quadratic then P(x) = a(x — 1)?
=> m=2

= PA+x)=-P(1-X)
= P@®)=0

(A)

Let g(x) =f (x)e™; x € [0, 2n]

s0, g(0) =g(2r) =0 (asf(0)=f(2n) =0)
Thus, 3 ¢ € (0, 2r)

such that g'(c) =0

=f'(c)=Arf(c) VieR
=S=R
(B)
f'X)=e+1+/x>0
(asx e[1,2)])

= f (X) increasesin [1, 2]
=f , =f@=€&+2n2

(©)
xX2+a?+hbx+c=0=(x—-a)(x—-h)(x—-c)
atb+c=-a

=?2a+b+c=0

ab+bc+ca=hb
abc=—c=ab=-1["c=0]

Also aisaroot of equation

> 2+ab+c=0=>2a8-1+c=0
=>c=1-2&

from (1)

2&+ab+ac=0
2¢—-1+a1-2a)=0
2&-2a+a-1=0
2(1-a(l+a+(@-1)=0

= (1-9[2a(a+1) -1 =0

()
(i)
...(iii)

Q.27

Q.28

Q.29

Application of Derivatives (Tangent and Normal)

=a=lor2a+2¢-1=0

whena=1,b= a3 =-landc=1-2a=-1

when2a8®+222-1=0
There will be only one rea solution of
X)) =2¢+2x*-1=0

-2

asf'(X)=6x2+4x=0=>x=0, 3

f(0)f [‘?Zj <0

", corresponding to this real value of a one triplet is
possible
.. Exactly two triplets (a, b, ¢) are possible

(A)
f(x) = sinx + (X3 — 3x2 + 4x — 2) cosx,
x € (0,1)
f0)=-—2>0
f(1) =sin1 <0
-+ f(0). f(1) <0= f(x) hasazeroin (0, 1)
Now,
f(x) = sinx + [(x — 1)® + (x — 1)] cosx
= f'(X) = (3(x — 1)? + 2)cosx . sinx[(x —1)® + (x — 1)]
= [3(x — 1) + 2] cosx + [(1 — x)® + (1 — x)]sinx
>0Vvxe (0,1
= f(x) is monotone in (0, 1)
(©)
f(0) = sin(coso)
g(0) = cos(sinb)
f'(0) = cos (cosB) (—sinB) <0V O € [0, n]
.. 1(0) decreases monotonically
soa=max f(8) =f(0) =sinl
b = min f(0) = f(n) = —sinl
g'(6) = — sin(sinb) cosb
— +

_|_
/2

g(0) =1; g(n) = 1; 9(%} =cosl

Lc=maxg((0)=1
d = min g(6) = cosl
S b<d<ax<c

(B)
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Application of Derivatives (Tangent and Normal)

Ao

r a
= — h——
Y h( 4)

Equating value ofwater in both cases

%(nrzh—nxza) =§ny2 (h—%)

T - r? a) a
=r‘h—-r-h- a=—|h-——1|h-——
h h 4
h_h 21
a® 4a 16
Ei i_;,_é
h_4"Vie 4
a 2
D_1+x/@
a 8
JEE-MAIN
PREVIOUS YEAR'S
Q1 (1)
X2 y2
—+==1 .. 1
PR )
2x 2y dy y,d
diff + b d =0 b + g
dy _ —bx
x -y 2
X2 y2
—+==1 . 3
i ©)
N
diff. x - o (4)
—bx —bx
mm,=-1= ay X oy =-1
= bdxZ2=—-acy? = .. (5)

(l_lj 2 (E_EJ 2.
W-@ = |5 )|y g)y2=0

c-a 2+d—b [—bd
ac 57 Thd

= (c-a—(d-b)=0

=
ac

42

—J x2=0 (Using 5)

Q.2

Q.3

Q.4

Q.5

=c—a=d-b
=c—-d=a-b

(1)
f(x) = x8 + ax® + bx* + x8
o F7(X) = 6x5 + Bax?* + 4bx3 + 3x2
Roots 1 & -1
6+5a+4b+3=0& -6+5a-4b+3=0

ving ac 3 po 3
solving a= - =-3
3 3
= w6 2 y5_ 243
f(x) = x 5x 2x + X
96

(2)

f(1) = 1(2)
=1l-a+b+1=8-4a+2b+1
3a-b=7 .. 1)
f'(x) =3x?—2ax +b

f‘(ﬂj—o 3 E § b=0
= 3)=0= X 9 —3a+ =
= -Ba+3b=-16 ... 2
a=5b=8
(1)
dy
dxp_1
P (xa,y1)
X, =1
1
e
1—1—1
2 1
dmln: \/E = 2\/5
(1)
2=a+b+c ... (i)
Y o+
X x = dx|g )



Application of Derivatives (Tangent and Normal)

Q.6

Q.7

Q.8

(1) y=x"+4
3\/§ 1 3\/§ P(x..y:)
tangent to x2 + 9y? = aat point o o |isx| 5
3)-
+9y|5] =9

= option (1) is true =>X%X,=2
1

Point will be (2,8)

[1225]
Q9 (1)
y
-55 7 X<-=5
3 .
P(5,7) P (x) = 6(x°—-x—-20) ; -5<x<4
6(x>-x-6) ; x>4
A(2,3
X 55 : -
M N ;. Xx<-5
f (x) = 6(x —5)(Xx+4) ; -b<x<4
6(x —3)(x+2) ; X >4
] Hence, f(x) is monotonically increasing is (-5, —4)
equation of normal at P U (4, )
7-3
y-7=|5 | x-5 Q10 (2
3y—21=4x-20 m= OI—y:2x3—15x2+36x
—4x-3y+1=0 . @) dx
dy
1 =2 a2
:”V'(_Z’Oj o =6 —30x+ 36
. =6(X°-5x+6)=0
equation of tangent at P —x=23
-7 = x5 &
y 2 57 =69
4y —28=-3x +15 X
=3x+4y=43 .. (i) &y
W2 =-ve
=N (% 0] x|,
o Maximumat x =2
1 Point (2, 46)
hence ar(APMN) = > x MN x 7
L Q11 [9
== x175x7 ) . 1
2 L et the equation of normal |sY—y=—E(X—X)
= 24) =1225
Satisfy (ab) in it by = ——(1-X
(1) m
q = (b~y)dy=(x—a)dx
y
| =4 2 2
x|, by =X _axic ()
2 2
. 2%, =4

It passes through (3, —=3) & (4, —2./2)
43



Application of Derivatives (Tangent and Normal)

9 9 3a+4 -5a+10

- —3h-==Z-3a+c <0 <0
2 2 a-7 a-7
= —6b-9=9-6a+2c 5a—10
= 6a-6b-2c=18 =7 >0
= 3a-3b—c=9 ... (ii) cn s
a_
Also ( ) 20
~2\/2b-4=8-4a+c a-7
4a-242b-c=12 ...(iii) WY, [
Also a-22b=3 .(iv)  (given) 0 2 7
4
(i))~(iii) = -a+(2/2-3)b=-3 (v 0‘6[—5,2)
(iv)+(v) = b=0a=3 4
= a+b*+ab=9 Check end point {—3, 2)
Q.12 (3)
equation of tangent at P(t,t3) Q.15 [406]
(y-t)=32(x-t) .. (1) L .
now solve the above equation with y(x) = .([ @ -Dt+10)dt
y=x> . )
By (1) & (2) y'(¥)],_, =[2x ~15x+10 | =242 - 15a+ 10
X3—13=32 (x —t) 1
X2+ xt +t2 = 3? Slope of normal = Y
X2+ xt—2t2=0 — 2#-15a+10=3=a=7
x-t(x+2t)=0 1
= X = 2t ==> Q (-2t, -8t%) & a= E (rejected)
3, (a3 ,
Ordinate of required point = 20+ (8 23
3 b=y(7) = f (22— 15t + 10)dt
Q.13 (2 0
f'(x) = (2x = 1) (X —sinx) 3 2 7
[z e
1 3 0
=>f(X)>0inx e E:OO
=>6b=4x7-45%x49+60x 7
and f'(x) <0inx e [—001 ﬂ la+ 6b] = 406
Q14 (2 Q.16 [481]
f(X) =(4a-3)(x +1og ) + (a— 7)sinx _ (1-2*
F(X) = (4a-3)(1) + (a- 7)cosx = 0 f(X) =sm(cos [mn ax=1:2%=4
_3-4a
= o= 7 . sin[cosl(l_xzn'
or = | [
L1378 1+x
a-7
T
3_4a+1>0 3_4a<1 Lettan—lxze;e(—?gj
a-7 a-7
3—4a+a—7>O 3—4a_1<0 s 8in(costcos2)sn2-0=0
a-7 - a-7
-4 3-da-a+7 . If x>1=L>9>2
a-7 a-7 2 4

20> =
2
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Q.17

Q.18

2tan©

=2sin0coso = >
1+tan6

_ 2X
T 1+ x?

X

Hence, f(X) = 1o 0%
_ (1+2%)(2.2°In2) —2** .2.In2 -2 -:2*
- (1+2%)
- f1650) = 20In2—32|n2__gInz
- T = 25 25
So,a=25b=12= &2 —b? =252-122
=625-144
=481

S (%)

2

x<0

f(x) = 0 x=0

(ot ()
ot st 1) oo

—2+sin1—1cosl x <0

f(x) =

F/(x) = 1x 1x 1x
2-sin= =cos— x>0
X X X

f’(x) is an oscillating function which is non-
monotonic in (—o, 0) U (0, ).
Option (2)

[5]
f:[-1,1] >R
f(x)=ax?+bx +c

f(-l)=a-b+c=2 ..(1)
f'(-1)=-2a+b=1 -.(2)
7 (x)=2a
1
= Max. value of " (x) = 2a= 2
1 3 13
= a= Z, b=5, CZZ

Q.19

Q.20
Q.21
Q.22
Q.23
Q.24
Q.25
Q.26
Q.27
Q.28
Q.29
Q.30
Q.31

Application of Derivatives (Tangent and Normal)

x> 3 13

LX) = —+=x+—
) 4+2x+4

For,x e [-1,1] = 2<f(x) <5
.. Least valueof aisb5

(8]
Letp'(x) =a(x—-1) (x +1) =a(x*~1)

p(x):aj(xz)—l dx +c
)
=—a ——X |+C
3
Now p(-3) =0
Da(—£+3j+c=0
3
= -6a+c=0 (D
1 X3
a| ——x |[+c |dx =18
wou 452
=2c=18=c=9 ..(2)
=from(1) & (2) > 6a+9=0= a=

N | o

:E X—3—X +9
P = | 3

sum of coefficient

45



Application of Derivatives (Tangent and Normal)

Q.32 (3)
Q.33 [36]
Q.34 (2
Q.35 [72]
Q.36 (3)

JEE-ADVANCED
PREVIOUS YEAR'S
Q.1 A->sB-o>t;CorDor.

1- (x2 - y2 + 2xyi)

-2y + 2iX
=Re RN -
1-X“ +y*° —2xyi)

(—2y+2ixj N -1
=Rel 2y (y—ix) =Re(-ly) = y
-1 -1
=-1<y<1 :7 >1 or 7 <—
2nd Method

2ie'? 2i(cos 0 +ising)
Re| 1 o260 | =Re( 17 (o520 +isin20)

2i(cos6 +isin0)
Re . 2 .
2sin“ 0 — 2isin6cos0)

i(cosO+isinB)
Re sinB(sin6 —icos0)

[ (cosO+isin®) j
e

—sinB(cos0O +isind)

-1
=Re sin®

as-1< snb<1
(0, 0) u (0, )

8.3%2
(B) 1< =

8t
= -1< 9 t2 <1

8t
= -1< 912 <1

9-t2 +8t 8t

= <————— A—>5 -1<0

M
912 9-t2

<t2—8t—9 8t—9+t2
M
t2-9 9-t2

46

1

(t-9) (t+1 (t+9)(t-1

0<4—3)(t+3) " (t-3)(t+3) = 9

® [ ® o,
O 0

-9 3 1 1 43

= te(—o,9uUl-1,1]U][9, x)

= X e (—0,0) U2, x)
(©) f(0) = 2 sec?0

= f(0) > 2

= f(0) € [2,0)
(D) f(x) = x¥2 (3x — 10)

3
= f'(x) =x33+ > x¥2 (3x -10)

as f'(x)=0

- xllz{Bx +%(3x

9x
= 3X+7—1520

15x

— =15 >0
- 2
= X =2
= X € [2,0)

Qz [2
f(X) = x4 =3+ 12 +x -1
f'(X) =4x®—12x2+ 24x + 1

y

pd

9

—10)} >0

y = f(x)

/a (0, 0)

f'(x) = 12x2—24x + 24

=12(x*-2x+2)>0 vV xeR

f’ (x) is S.l. function

Let o isareal root of the eqution f'(x) = 0

s f(x)isMD forx € (-, o) and
M.I. for x € (o, )

o f(0)=-1 and

= f(o) is also negative

f(x) = 0 hastwo real & distinct roots.

Q3 [2
A1
A; =~ (by property)

A
a, =2
2

wherea <0
a<0



Q4

Q.5

Q.6

Q.7

(A,BD) Q.8
Equation of normal is

y=mx—-2m-m?3

(9, 6) satisfies it

6=9m-2m-m?

m—-7m+6=0 = m=1,2-3
m=1 = y=x-3
m=2 = y=2x-12
m=-3 = y=-3x+33
(B)
Equation of normal at P(6, 3)
X DY
6 3
It passes through (9, 0)
3., 3  a’+b? b? Q.9
—a“ = + b? — = :1+_
2 @&+b =3 22 22
[ b2 \F
=.1+— ==
=>e 22 >
(AB)

Slope of tangents = 2
Equation of tangentsy =2x+ ,/9.4—-4

=y=2xt .32
=2X-y* 4,2 =0 (i)

Let point of contact be (x,, y,)
then equation (i) will be identical to the equation

X _ Wi

o 4 ~170
) X1/9 _ y1/4 _ __1 Q.10
T2 T 1 T a2

[l

P =Ax-1) (x=3) = A(x2—4x + 3)
p(x) = (X33 -2x2+ 3x) + n
p(1) =6
6=AM1U3-2+3)+pn
6=A13+1)+p

8= +3u  ..(>0)

p(3) =2
2=0M27/13-2x9+9) +
2=p

pu=2=x1=3

p'(x) =3(x—1) (x-3)

pP0) =3(-1)(=3) =9

Application of Derivatives (Tangent and Normal)

(3]
fO) = Ix[ + [x* - 1]

—x+x?-1 x<-1

2
—X—=X“"+1 -1<x<0
f(x) = 5

X—x“4+1 O<x<1

-1 0 1

x2—x+1 X<-=1
—x?-x+1 —-1<x<0
-x2+x+1 0<x<1
x>1

f(q) =

X% +x—-1

©

X2 =X SiNX + COS X

f(x) = x2

g(X) =x sinXx + cosx

g'(X) =sinx + X coOSX —Sin x
g'(X) = x cos X

(0.1)

/ o - \\ T2
—3n/2

Only two solution.

(A,C)
Tl—a—| l—a—|_|_
a

i a | a i
a —a—

T a 1 3

Ll L 1
a —a—

Let £=8x,b=15x
. Volume = (8x —2a) (15x —2a) (a) =4&a’ -
46ax + 120 ax?

dv
—— = 6& — 46ax + 60 x>
da

)
da at x=5 =0

47



Application of Derivatives (Tangent and Normal)

A, occurs at cosh = 1/2, Therefore A, =

5
x=3and < 3/2
6 1-1/4 3J3 36
2\/5 Q: 4\/5 , —= —
q2v 1/2 8 8
9z = 6a— 23x A, occurs at cosd = 1/4, Therefore A, =
(1-1/16)*'2 15415
2 — = i =
av 23 83 aa
da? <0,
ata=5&x=3 2\/5.15.\@\/5
So, at x = 3 gives maxima 16
dZVJ 45
— = A= — 45
(da ata:5&x:E >0 ! 8
° 8
5 Now 7= A, —8A,=45-36=9
So, at x = s gives minima. V5 & 2
Q.12 (A,B)
dv , _ f) =2x|+ x + 2| - x +2[ -2 x] |
da - Owhena=5given(.. 4&=100given
. [—2x—4 X <=2
for maximum volume)
2x+4 —2<x<-2/3
a a=5 =] —-4x -2/3<x<0
4x O0<x<2
b dav 0 | 2x+4 X>2
Y da T
= 6x2—-23x +15=0
x =3 or5/6 e
So by x = 3 (for max volume) N A
8x =24, 15x =45 Ans. (A, C)
8/31
Q11 [9] R | R
Point of intersection of tangents at P and Q is R(2 D
sech, 0)
1 . Graph of y =f(x) is
Areaof APQR‘E + 2//3 SN0 - (2sec0 -2 cos minimaatx =-2,0; maximaat x = —2/3
0)
Comprehension (Q. No. 13 & 14)
sin® 0 11
= A=2J3 - —— ;wherecosf e |+ | Q13 (D)
cos6 f'(x) — 2f'(x) + f(x) > &
y f'(x)-e* - f'(x)e* —f'(x)e* + f(x)e* > 1

d d
d—X(f(x)er)—d—X(f(x) e >1

/———& P(2 cos6,3 sino)
\ d
R(2 sec0,0) = (0 e —F(x) %) > 1
—%‘ Q(2 cosB,—/3 sinB) 2

= dd? (ef(x)) =1V xe[01]

x=h=2cos6

Let ¢(x) = e*f(x)
= ¢(x) is concave upward

dA 2\/§[cose.3sin29cose—sin3 0(—sine)] f(0)=1(1)=0
NOW g6 = o0 >0 = H0=0=4m =<0
= 1(X) <

As 0 increases, A increases = when cosd
decreases, A increases

48



Application of Derivatives (Tangent and Normal)

Q.14 (C) 1
d)'(X) <0, X e (O, 1/4) = a[t_fj =-a
and
d'(x)>0,x e (V4,1) 1
= e*f'(x) —e*f(x) <0, x € (0, 1/4) t-7=-1

f'(x) <f(x), 0<x<1/4

Q.15 (A)
tangent at F yt = X + 4t? 1\
a:x=0y=4t (O, 4t) sza[H—J =5a
(42, 8t) satisfies the line t 2
S8t=4mt*+ 3 p_(at' 2at)
4mt2 -8t +3=0 Q.17 (D) 4
1
1
0 31 L S b
Area= 5| 0 4t 1| = >4 (3-4) t 2
4> 8t 1 1 a
= t+ 1 =45 a ﬁ]
Ltz t
0,6)
2 1
< 2 =+t
) (2 (t j 25
(0,3)E tand = 1-4 = 3 - -3
/ \ B B
= - Q.18 (BD)
LZ,O} f(x)=x*-5x+a=0
' x5—bx=-a
=2t? (3—-4) X(x*—5) =-a
= 2
A = 2[3t2 - 4t9) x(xz—ﬁ)(x2+ £)=—a
dA
o 2[6t — 1217 X(x = 5")(x + 5" (x2 + 5)=-a (1)
= 24 1(1 - 2t) F'(x) =5x*~5=0
_ + _ x*-)(x*+1)=0
i 1 + - 4+
0 12 X-DX+)X*+1)=0 ———
t=1/2 maxima
GO, 4) = G(0,72) lo.a
y, =2
(X, Y, = (417, 8t) = (1, 4) -1
yo:4 /_5”” 0 1 /5%
3 1 3-2 1
- 2 _——— - 2 —_— ] o —
Area= [4 2]— ( 4 ] 2 0.4
Q.19 [§]
(y —x%)? = x(1 + x?)?
Comprehension (Q. No. 16 & 17)
Q.16 (B) s (d_y_5x4j _ 2 )
Rliesony =2x + a 2(y — x5 dx =(1+x2%)%+2x (1 +x%) 2x
R,y=2x+a

at point (1, 3)

2(3-1)[3—2(’—5j =4+8

R[—a, a(t - %]\’

p o (at’ 2at)
K

d—y—5: E =3
A dx 4
(32 dy

dx =8
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Application of Derivatives (Tangent and Normal)

Q.20

Q.21

50

(D)
S
y= m
If itistangent to x2 +y? =2
2
m
Then, | 1 m2| =2
4
= m2(1+m2) 2=>m=%1
p S
(_2!0)
Q R

Hence equation of tangentisy = x + 2

andy = —x —2.

Chord of contact PQis-2x=2=x=-1
Chord of contanct RSisy.0=4(x-2) =>x=2
Hence co-ordinates of P, Q, R, Sare (-1, 1) ;
(-1,-1);(2,-4) & (2, 4)

Area of trapezium is

1 1
=5 (PQ + RS) x Height = > (10) x 3 =15

Comprehension (Q. No.21 & 22)
(D)

my, = mQR

2at—0  2at —2ar

at? —2a  a(t)? —ar?

t t'—r
-2 (t)P-r
-t —trP=—t—rt?2-2t' +2r, tt'=-1
t—tr2=—t+ 2r —rt?
—Ar2+r(t?2-2)+t' +t=0

»= (Z_tz)i\/(tz—Z)Z +4(-1+22)

-2t

oQ
“\B&“ kY

F “Kao)

ok

Q.22

Q.23

It is not possible asthe R & Q will be one same.
t? -1

orr=

(B) ,
Tangent at Pisty = x + at?
Normal at Sisy + sx = 2as + as

a
ty+x:2a+t—2

(D) Ans.

ty =2a+ 32 —ty + at?
t
2y = at* + 2a* + a
2

a(t2 +1)
Y= ——5—-

2t
(4]

p2
Let any point on y? = 4x be (7 p] , Where ‘p’ isa
parameter.
Let the image of the above point on curve ‘C’ be
(h, k).
The dope of thelinex +y +4=0is-1.
p?

Hence, slope of the line joining (7 PJ and (h, k)

is 1
2
p
k—p=h-—
= p 2
p2
= I—p—h+k:0 .......... D

2
p
Also, the midpoint of [7 pJ and (h, k) liesonx +y

+4=0
2
P +h
= 4 Prlia-0
2 2
p?
= Z+p+h+k+8:0 ............ 2

Adding (1) and (2) we get,
2

P yx+s8=0
2

=  pP=-4k-16



Q.24

Q.25

Subtracting (1) from (2) we get,
2h + 2p +8=0

= =—4-h

Eliminating ‘p’ from (3) and (4), we get

(h +4)2=-4(k + 4).

Hence, equation of curve Cis (x + 4)2 = —4(y + 4)

Fory=-5 weget (X +4)>=4=>x=-6,-2

Hence, the distance between A and B is 4.

(2]

Slope of tangents at the end points of the latusrectum
of y2=4x are+l

Hence, the slopes of normals are T 1.

Equations of normalsarey —2=-1(x—1) andy + 2
=1(x-1

Xx+y—3=0andx-y-3=0

If these are tangents to the circle
(x=3)2+(y+2?2=r

the distance of the centre of the circle (3, —2) from
the tangentsis equal to ‘r’

3+(-2-3|_
= Jei = = r=42 =>r=2
(AD)

Let the coordinates of P and Q be

tr t3
o bfand | 5t | respectively.

Since PQ is the diameter of the circle on which the
vertex O lies,

2

2
—X—:—l —_—
OPJ.OQ:) tl t2 :tltz_—4

Now area of AOPQ = —OPOQ 32

t
= 1+t1

+t2—3\/_

/4t 4412
= tlt2 Th +23f

Squarlng both sdes, we get

4x 16+ 4(t2 +13)+16
16

= t?+t?=10

= t*-10t>+16=0

= t°=28

=18

tf
Hence, coordinates of P[E, tlJ are

(2.V2) or (4 22)

Q.26

Q.27

Application of Derivatives (Tangent and Normal)

2= a7 B

Now asx +y = 3 isatangent
&+b?=A2+B?=9

Now point Pis

X2+ (2-x)2=2
2X2-4x+2=0

x=1

soPis(1, 2)

514 18

pointsQ & Rare 3’3 & 33

(5 4] 25 16
Now | 33 | liesonE, so g 2 le
= 225 — 25&2 + 168 = 9a(9— &)
= 225 —9&% = 949 — &)
= B-a&=a(9-a)
= a-102+25=0=>a&=5s0b’=4

2,
I
gl

j liesonE,

g

=
7\
00|I—‘
ooloo
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Application of Derivatives (Tangent and Normal)

Q.28

Q.29

52

1 64 Q.30
Az " fo-a?) 70
9—A2+64A%2=0A2(9-A?
1+7A2=A2=0A2-A* = A*-2A2+1=0
=>A?=1 So B2=8
. 7
&'=3
(A,B,D)
$ H
<ZQ\-¢
N(x,,0),
Equation tangent toH at Pisxx, —yy, =1
X1+ X +i 2
. 1T X2 X1,m:ﬁ— X7 -1
3 3 3
dy dy
MO dx|yy g ~ IXls arp
Xy X=X 31
= V1 ——yl = X, =2X, Q
1
SO,€:X1+ 3X4
4, 1 dm_1 dm_1_ X
dx, 32 dy, 3' O 3 x2_3
[4]
Volume of material V = nr*h
" Q.32

= V,=n(r + 222+ n(r + 2)’h — nr*h
= V, =2n(r + 2)*+ nth(4 + 4r)
= V, =2n(r + 2>+ 4nh(r + 1)
2(r+1)V
- V1=2n((r+2)2 +%}
nr

av, (-1 2
= ?=2ﬂ[2(r+2)+?(r—2—r—3jJ

2V ([ -2-10
24+ 5% =0
= n( 10° j

0

:24 = 3
= 10%x = v=10r
V p—
= 250m

(3]

n
X2 +=

6
F(x) = f 2c08 +dt
X
2
2 T
F(x) = Z[COS(X +ED 2X — 2c08°X

Fa+2= | 000X
0

2 a
Y
= z[cos(az +ED 2a—2cosa+ 2 = J-f(X)dX
0

T
= 4c0s? (32 +Ej + 4a 2cos

2 W if2 T
(a +€j _(— S'”(a +ED x 2a+ 4cosasina = f(a)

%)
~fO =475 | =3

(B,C)

Let h(x) = f(x) — 3g(x)
h(-1) =3
h(0)=3
0) and atleast oneroot in (0O, 2)

h(2) =3

But since h"(x) =0 hasnoroot in (-1, 0) & (0, 2)
therefore h'(x) = 0 has exactly 1 root in (-1, 0) &
exactly 1 root in (0O, 2)

} = h'(x) = 0 has atleast one root in (-1,

(C,D)
e e (L) for x € (0,1)

and 0< [f (t)sint dt<1in(0,1)
0

= (A)iswrong

x/2
f(x)+ [ f(t)sintdt<0

0

= (B)iswrong

T
=-x
2

Let g(X)=x— j f(t)cost dt

0



Q.33
Q.34
Q.35

Q.36

= g(0)=-|f(t)costdt<0

ot— N3

T
2
g(1)=1- I f(t)cost dt<0

0

= (C) is correct
Let h(x) = x® —f(x)
h(0) =-f(0) <0

h(1)=1-f(1) >0
= (D) is correct

(D)
(©)
(©)

f(X) =x + /X —X /nx

f'(x):1+1—£nx—x(1] — /nx

X X
1 1
f'"(X)=——5—-—<0VX €(0,0
(X) =5~ <O0vx £(0,%)
- F'(X) is strictly decreasing function for xe (0, «)
Limf '(X)z—oo
- =  f'(x)=0has only
Limf '(x) = —o0
x—0"
onereal in (0, «)
f'(=1>0
1
f'le)]=—-1<0
(=2

- 7 (x) =0hasoneroot in (1, €
Letf’ (o) = 0where o € (1, €

S S
1 ' c
- f(x) isincreasing in (0, o) and decreasing in
(a1, )
f)=1andf(e?) =€#+2-262=2-€<0
= f(x) =0has oneroot in (1,6?)
From column 1: | and Il are correct.

+

From column 3 : P, Q, S are correct

(B)

f"(x) >0foral x e R, f(/2) =1/2,f(1) =1
= f'(X) increases

Let g(x) =f(x) —x, x € [1/2,1]

Q.37

Q.38

Application of Derivatives (Tangent and Normal)

Then g’ (X) = 0 has atleast one real root in (1/2,1)
f'(x) = 1 has atleast one real root in (1/2,1)
Hence f'(x) increases = f'(1) > 1

(AC)
£ (x) =2 (f(x) > 0

= di(f (X) .e’zx) >0 = g(x) = f(x).e> is an

X
increasing function.
for x >0, a(x) > 9(0)
= f(x).e>>1 =f(x) > e

Now f’ (x) > 2f(x) > 2.e*
f (x) isan increasing function

(BC)

cos(2x) cos(2x) sin(2x)

COSX —sinXx

f(x)=

—COSX
sinx sinx COSX
= €0S2X — €0s2X (—Cc0s?x + sin?x) + sin2x (—
2sinxcosx)
f(x) = cosAx + cos2x
f(x) = 2cos?2x + cos2x — 1
Let cos2x =t

= f(x) =22 +t—1andte [-1,1]

f(x) atainsits minimaat t = 1 e[—l,l]
4

f(x), t= —% e[-1Y

2 1 9
f0m=16"271"5
f (X)|maX: 2+1-1=2........... (when cos2x
= 1)

f'(X) = — 4sindx — 2sin2x
f'(x) =0 = 4sindx + 2sin2x = 0
= 8sin2xcos2x + 2sin2x = 0
= 2sin2x(4cos2x + 1) = 0 = sin2x = 0 or

cost:—1

4

Rﬂzx \ /\y:COSZX/
Y Y4 =

Hence option (B), C)
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Application of Derivatives (Tangent and Normal)

Q.39 (AB,D) f(x) =5 (x + 1)* -2, which changes sign in (-0 , 0)
f(x) can't be constant throught the domain. Hence we = f(x) is non- monotonic in (- o, 0)
can find x e (r, ) such that f(x) is one-one option (A) For x > 3, f(x) is again continuous and
is true. . 1
lImf(x) = o and f(3) = 3
. f(0)-f(-4)
Option (B) : [f'(x)I= — 4 |=1 (LMVT) 1
= {500) < Rangeof f(x) in[3,0)

Option (C) : f(x) =sin («/@x) satisfies given condition )
Hence, range of f(x) isR

2x -1, 0<x<1

but limsin(v85x) p.N.E,
PO =12x2_8x+7, 1<x<3

= Incorrect
Option (D) : g(x) =fAx) + (f(x))? (X
[f'x)[<1 (byLMVT) (1,1

[f(x)I<2 (given)
= g(x)<53x, € (-4,0) /\ / «
Similarly (10 \\/

g(x,) <5 3x, € (0, 4) (21
g(0)=85 = g(x) hasmaximain (x, x,) say at o.
g'(a)l (f(o) +1(e))0 =0 _ Hence f' has alocal maximum at x = 1 and f isNOT
If f(0) =0 = g(a) =fXor) = 85 Not possible differentiable at x = 1.
= f(a) +f"(a) =0 Ja e (x,X,) e (44
option (D) correct. Q.42 (AB,Q
fX)=(x-1) (x-2) (x-5)
Q.40 (B, 0C) X
F1(x) = (e-)g(X) v x € R Foo = [ F(Ddtyx >0
= e'® f{(x)—e% g(x) =0 °
F'(x) = f(x) = (x-D)(x—2)(x-5), x >0
= I (e (x)—e 9. g'(x))dx =C clearly F(x) has local minimum at x = 1,5
F(x) haslocal maximum at x = 2
= —e'W1g9W=¢g"@ g9 f(x) =x3=-8x*+ 17x — 10
1 1 1
T Lie_ gt = — | (t®-8t? -
= -2 S — F(x) = .([(t 8t? +17t —10)ct
2 4 3 2
= '@ g2 =X 8 I ok
e FO= 31
ef@ E and e 9 < Z f(X)
e e
= —f(2)<In2-1and—g(l)<In2-1 T 123 /
= f(2)>1-In2andg(l) >1-In2 X
Q.41 (ABD)
from the graph of y = F(x), clearly F(x) 0vx € (0,5)
(x+1)° —2x, X <0;
x> —x+1, 0<x<I; Q43 (ACD)
Zx3—4x2+7x—§, 1<x<3 sinnx
f(x) = 3 3 f(x) = 2
(x—2)|oge(x—2)—x+%, X>3

2 ™ _t
for x <0, f(x) is continuous fry = X CoSTX 7 e

& limf(x)=— o and IM f(x) =1 x*

X—>—0

Hence, (- ,1) = Range of f(x) in (-0, 0)
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Q.44

Q.45

Q.46

=[x -y |>1foreveryn
X1>yl

X € (2n,2n+1/2)

X ., =X >2

n

(©)

Perimeter = 2(2a.+2c0s2a)
P=4(a+cos2a)

P 41-2sin20)=0
do

1]
—+ 0, 200S2
(4 * “j

2

sin2o =

200 =

ola
o
o NIk

2

IZ =-4c0s2a
do

e
for maximum o =-——
12

Area = (2a) (2cos 20)

T \/é T

=—X2X—=—+—
2 e
[5.00]
f(x)=(x>=1)> h(x) ; h(x)=a,+ax+ax*+ax>
Now, f(1) = f(-1)=0
= f'(a)=0, ae(-1, 1) [Rolle’'s Theorem]
Also, f'(1)=f'(-1)=0 = f '(x)=0 has atleast 3 root, —
1, o, 1 with =1<a<1
= f""(x)=0 will have at least 2 root, say B, y such that
—1<B<a<y<l [Rolle's Theorem]
So, min (m,,)=2
and we find (m, +m,,)=5 for f(x) = (x>-1)*
ThusAns. 5

(A.Q)

Application of Derivatives (Tangent and Normal)

X X% + b?

J-:c’((x))dxzj dx

= (n]| f(x) |:1tanl(§j+ c
b b

Now f (0)=1

. c=0 .

since f (0)=1 f(x) = efla‘a“[%]

X — —X
f(—x)= e_%ml(gj

f(—x) . f(x)=€=1
andforb>0

(option C)

1, 4(x
f(x)zegtaq (E]
= f (x) isincreasing for all xeR (option A)

Q.47 [0.50]

f (0)=(sinb+cosb)?+(sin6—cosb)*
f (0)=sin?20—sin20+2

f '(6)=2(sin20).(2c0s26)—2c0s26
= 2c0820(2sin26-1)

critical points

SN

-+t =+ =

T T T
5m/12 3n/4 m

]

I I |

0 w12 n/4
s0, minimum at o=~ >~
12 12
7L1+7L2:i+£:£:E
12 12 12 2

Question Stem for Question Nos. 48 and 49

Question Stem

Q.48  [57.00]
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Application of Derivatives (Tangent and Normal)

Q.49

Q.50

56

So points of minima one 4m+1 wher m=0, 1, .... 5
= m=6

Points of maxima are 4m-1 wherem=1,2,..5= 5=
n,=5

= 2m +3n+mn =57

[6.00]

f/ (x) = 98(x — 1) — 600(x — 1) + 2450

= £,/ (X) = 2 x 49 x 50(x — 1)* — 50 x 12 x 49(X —
1)4

=50 x 49 x 2(x — 1)®(x — 1 — 6)

= 50 x 49 x 2(x — 1) (x — 7)

fix)
7

Point of minima =7
=>m,= 1

No point of maxima
=>n,= 0

6m, + 4n, + 8m,n, = 6

Paragraph

©)
f(x) = (|x [ x?)e™ +(|x| %)™ , x>0

fr=2(x —x?)e™

e et
] I

0 1
hence option (D) iswrong

g(x) = xe™ 2x

f(x) +gi(x) = 2xe™
f(x)+g(x) = —™* +c

P00 +g() = e +1

F(/n3) + g(\/m) = 1—% = % (option (A) iswrong)

HX)=y,(X)—1-ox=€e*+x-1-aX,

x>21& ae(1,X)

HQ=el+1-1-0a<0

H (x) =—e*+1—a>0= H(x) isJ = option (B) is
wrong

(© v, () =2 (v,(B) - 1)

Applying L.M.V.T toy, (x)in[0, X]

)= V,(X)-v,(0)

v, (B

262426 = ¥2(X)=0
X

Q.51

Q.52

= y,(x)=2x(y,(B-1)) has one solution
Option (C) is correct

(D)

(A) y,(X)=e7+X, X2, 0

v, (x)=1-€>>0= y,(x)isT
\lfl(x) 2 \Vl(o)
(B) v,(X)=x*-2x+2-2e"

vx20= yy(x)=1
x=0
v,(X)=2x-2+26% =2y,(x)-220  Wx>0

= y,(X) is TP y,(X)2y,(0)= y,(x)=0

1
Xel|0,=
& e( 2)

(©) f(x)=2[ (t-t*)e ™t
= [T 2tedt- [ 2t%e

= —eﬁlez_

2 2 2 1

= f(x)-1+e* +=x3-=x%xe| 0,=
Let H(x) = f(X) 3% e( zj
H(0)=0
H'(x) = 2(x—x2)e’xz —2xe™ +2x2 - 2x*
=2x%™ 4 2x2 —2x*
=2x2 (1— x> —e’xz)
ce¥>1-x Vx2>0
= H'(x)<0

=>HKisy = 1-1(x)<0vx e(o,%]

32517

2 1
Let P(x) = g(x)—gx X moX X e O’E

P(x)=2x%™ —2x% + 2x* - x°

4 6

2
=2x2[1—xT+X?—%+...j—2x2+2x“—x6

= P(X)<0
=P(Xx)is ¥
= P(x)<0
option (D) is correct

[182]

10x
Letf(x) = (X—Hj



Q.53

so, '(x) :10[()((;+1)1)_2XJ - (Xiol)z >0vx <[010]

So, f (X) is an increasing function

100
So, range of f (X) is 0, 1
/9 9 2/3
Izj 1O—de+J“/10—X dx+I /& dx
ol Vx+1 53l VX+1 ol VX+1

9 10
+ I 10_X dx + j 10_X dx
sa| VX+1 X+1

9

2/3 9 10
=0+ jdx+2j dx+3_[dx

19 2/3 9
:3_l+z(9_3j+3(1o-9)
9 3

3
:6—_1+ 2x§+3:§+@+3
9 3 9 3

_ 5+150+ 27 :@:182
9 9

(A,B)

x*>—3x—6

f(xX) = ———
) x2+2x+4

_ (X? +2x +4)(2x —3) —(X* —=3x —6)(2x + 2)
(X2 +2x + 4)?

fi(x)

F(x) = 5x(x +4)
(X® +2x +4)?

+ - +

1

)" 4o

f(-4) = % f(O):_:—;, limf(x) =1

X—%0

311 o
Range : {—E-g} , Clearly f(x) isinto

Application of Derivatives (Tangent and Normal)
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Indefinite Integration

| EXERCISES

)

ELEMENTRY

Q.1

Q2

Q.3

Q4

Q5

58

@
3
I (x+lj dx:j (x3+i3+3x+§jdx
X X X

x* 1 32
=—-—+——+3logx+c
4  2x 2

x* 3x? 1
=—+——+3logx-— +c.
4 2 2X

)

2
'[ \/1+§nxdx:J (sin%+cosgj dx
:j sinidx+j cosidx:—2cosi+29'n§+c
2 2 2 2
:—Z[wsg—sng}rc:—21/(1—sinx)+c.

@

—X
J' dx :J' e dx
1+¢e* 1+e7 %

Put 11X =t = e *dx = —dt » then it reduces to

- %: —logt = —log(1+ e ™)

@

J' dx :J' dx
X + X logx X(1+logx)
. 1 .
Now putting 1+logx =t = ;dx =dt, it reducesto

% =log(t) = log(1+ logx)

©)

Put“ng t:tan_1X:>dt: 2dX, Weget
1+X
tan 1 x ¢
— -1
j 1o x? dX—'[ edt _ gt ool X o

Q.6

Q7

Q8

Q9

Q.10

(2)

1 sec? x dx
J. 2 2 OX = 2
cos” X(1-tanx) (tanx -1)

Put tanx —1=t = sec? xdx = dt, then it reduces to

1 -1 1
—dt= +Cc=
t2 tanx -1 1-tanx

+C.

@

1
Put VX =t=—==dx =2dt, thenit reducesto
JIx

ZI sintdt =-2cost+c= —Zcos\/;+ C.

@

Put t:tanx:dt:seczxdx, then

,[ sec? xdx
\/tan2x+4

= Iog[tanx+\/tan2x+4]+c.

@

1
= dt
J‘ \/t2+22

2 2 4
J- x.tan’lxdx:x—tan’lx—ij' Llldx
2 2) 14x?

2
=X—tan‘1x—1x+itan‘1x+c
2 2 2

=1tan’1x.(x2 +1)—£x+c
2 2

@
Let | =I e sin3xdx

e 2 cos3x 262X cos3x
=— - I dx
3 3

e cos3x Z{e‘zxsin?)x 26 ¥ §in3x }
=- -= +I dx

3 3 3 3



Q.U

Q.12

Q.13

Q.14

e cos3x 2e*sin3x 4
=1=- - —1
3 9 9
13 _ox [3cos3x +2s nSX}
=>—l=-e -
9 9
Hence | = —113 e X[3cos3x +2sin3x] .

Note : Students should remember this question as a
formula.

@

J- e? (—sinx + 2cosx) dx
=—j ezxsinxdx+2_[ €®* cosx dx

= e cosx — 2'[ e’ cosx dx + 2.[ e cosxdx +C
_ A2
=€ coSX +C.

Aliter : I X(2cosx —sinx) dx = € cosx + ¢

j ekX{kf(x)+f'(x)}dx:eka(x)H;}

@
J‘ logx
(x+1)°

= Iogx.{—(x +1)7t

dx = J-Iogx(x +1)~2dx

- j L Cx+ D Yax
X

_—logx | 1 N {l—i}dx
X x+1

C(x+D)  J x(x+1)

_ —logx
T (x+1)

Iog ———+logx —log(x +1)

)
| = Iex (1-cotx + cot® x)dx = J.ex (~cotx + cosec?x) dx

=e*(-cotx) +c =—€e*cotx +c¢

@
dx

Putting tan~tx =t and 7~ 7 =dt, weget

. 2
jeta” X[M—JFZXJ dx:J. e'(tant + sec? t) dt
1+x

Q.15

Q.16

Q.17

Q.18

Indefinite Integration

1
=e'tant+c=xe™ *Xic

{uSmgI Xf (x) + F/(x))dx = exf(x)+C}

@

dx 1 1

I D) =J. (;Jr_l—x) dx =logx —log(l-x)+cC
@
'[ dx :J' dx

1+ X+ X2+ %3 1+ x)(A+ x2)

X

== dx

2J 142 ZI Tex© 1+ x2

=%tan‘1x+log\/1+x —%Iogx/1+ x% +c.

@

:—I X]—-ldX+I szdx

e —
(x=2)(x-1)

x—2)?
=-l0ge(x —1) + 2log. (x —2) + c=1l0g, ((x—l)) ic
(1) We have

1 A Bx+C

2 = + 2
x-D(x“+D) (x-D (x“+1
=1=A(x?+1) + (Bx+C)(x - 1)

1 .
Ifx=1thenA=2 .. (i)

1 ..
A_C=1:>(3=—E ..... (ii)

1 ...
A+B=0:>B=_§ ..... (iii)
Putting these values, we get

1 211 x+1
x-D(x2+1) 2 (x-1) 2(x2+1)
Hence
J' 1 =L x+l
—

x-DxZ+y 2 (x 1) 2 v

1 1 2 1. 1
==log(x -1 —=log(x“ +1)—=tan "X +C.
> g(x -1 2 o( ) >
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Indefinite Integration

Q.19

Q.20

Q.21

Q.22

Q.23

Q.24

60

@
2

X“+x-1 5
——dx=| |1+ 50— |dx
jx2+x—6 J[ x2+x—6}

:I{l (x+3)(x 2)} Jd“I dX B xd_i(s

=X+ log(x—2)-log(x+3)+c.

©)

J~ dx :1“' dx _J‘ dx}
x2+D(x°+4) 37 x?+1 Y x%+4

. tan’lx—ltan*15 +c:1tan*1x—}tan*15+c
3 2 2 3 6 2

)

1 1
I N :I X0 &

BV a——
X 1+x 1-X

1
= Z[2logx —
1209

log(1+ x) —log(1- x)] = %Iog

a2
@

_[ ZJ'\/F—\/XerdX
Jx+a+x+b (x+a)-(x+Db)

/2 1 /2
j(x+a)1 dx — b)j (x + b)Y 2dx

“(a-b)

-2 [x+a¥?-(x+b)¥?+c

3a-b)

Q)

j 1 - I dx J dx
COSX(1+ cosx) COSX 1+ cosx

j Secx dx——.[ sec? dx
= Iog(secx+tanx)—tan%+c.

@

j §n3xcoszxdx=J (1—cos2 x)coszx.sinxdx

Q.25

Q.26

Q.27

Put cosx =t = —sinxdx =dt, then it reduces to

5 3 5 3
_J' (t2 -ty _P r _(eos)” (cosx)”
3 5 3

@

J. sin2x cos3x dx = %I 2(sin 2x cos3x) dx

Ccosbx

=%j (sin5x —sinx) dx :%[—

1 Ccosbx
=—|COSX — +C
2 5

+ COSX:l +C

@

Y I Y
1+ e (2+€") 1+e8 2+¢€°

Now put 14X =t and 2+ X = t, then therequired

integral

=log(l+€*)—log(2+€*) = Iog( 1+ eXJ +C
2+e

©)

J' dx
5+ 4cosx

X
Put tanE =1, then it reducesto

2! L :Etan‘l[ltaniy c
F+t2 3 3 2

Aliter : Apply direct formula

i —d
|.e.,I a-+ bcosx *.{a>b}

= %tan‘l{ Z;b tani} +c
a“-b

+b 2
j— Etan’l 1tani +c
Weget | 5 acosx 3 3 2 '



Q.28

Q.29

Q.30

@
L

2Jx

I sinvx dx = ZI tsintdt = 2(-tcost + sint) + ¢

put VX =t=——dx =dt = dx = 2tdt, then

= 2(sjn\/;—\/;cos\/;)+c.

1
Trick : Let sec2x =t, then sec2xtan2xdx:§dt

. EJ‘ (tz—l)dt=1t3—1t+c=£sec32x—isec2x+c
2 6 2 6 2 )

(O
(1+1j (1+1j dx
e

Put x _%: t= (1+ iz) dx = dt, then the required
X

2
integral is 1 tan‘l( X l]

7 Tox +C.

4

The given function can be written as

Put x +%: t= (1—%) dx = dt, then it reducesto

X
J‘ dt —logt_1+c

t2-1 2 |t+1

1 X+;_1 1 X2 —x+1
=—log +c=7log — o

2 7,01 2 "\ x“+x+1

Indefinite Integration

JEE-MAIN
OBJECTIVE QUESTIONS

Q.1

Q.2

Q.3

Q.4

Q.5
Sol.

(1)

J~ dx
sinx.sin(x + o)

1 sin(o. + X — X) dx
~ sino ¥ sinx sin(x+a.)
J~ sin(x +o)cos X — cos(X + o) sinx
= COsec o sin xsin(x + a.)

= COSEC o Ucotxdx—jcot(xm)JJ, C

=cosec a [log[sinx|—log|sin (x + a)] + C

sinx
= cosec a log —sin(x+oc) +C
(1)
! dx

I
C—y
H
o
<
I
N |~
—
n
®
o
N
7\
Na
|
| <
N—
o
>

I
o
o
>
I
|
;l/
+
(op
Q
I
[
Aa
(op
m
py)

sin2x

1:_10032x— +b :—isin 2x+ = |+b
2 4

V2

1 . 5n 5n
= —sin|2x+— [+b . g= =

> ( 4j i 7 beR
(1)

_ J‘COSZX _ J-Zcoszx—l
~ J cosx - CoSs X

dx =2snx-—
J.secxdx =2sinx—/njsecx +tan x|+ C

3)
[ (160 970 =1 (x) 900 ik
=109 [ 900 = [ 00 g (9 dx-g09 [ 1709

ax+ [ 00T () dx
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Indefinite Integration

Q.6

Q.7

Q.8

Q.9

62

=) g () -f'(x) g(x) + ¢

(2)
8 8

_[ sin® X —cos® x

(4)x

1-2sin®xcos?x

J'(sm +cos? X) (sm X + cos? x) (sm X — cos? x)d

(5|n X +cos? X)

—ICOSZXdX =_ sin 2x +c
(4)
tantx —cot tx
I — dx
tan “x+cot ~x

tan x —cot 1 x
/2

dx

N EJ' (tan‘lx—£+tan‘1xj dx
- 2

- EJ.(Ztan‘lx—Ej dx
T 2

- 4 {xtanlx—%£n|1+x2 |} —X+C
s

4 2
= — Xtanrlx—— /n|l+x]-x+cC
Y T

(2)
Jx

%

dx

x 1 dx
put vx =t = 2\/;dx—dt =} X = 2dt

2a' aVx
:zj‘atdt:—a +c=2 +
na /na

(3)

X X 5)(
| = .[555 55 5%dx  Let55 =t

55" /n5.55" /n5.5% /n5 dx =dt

55 55 5% qx = — O
(n 5)3
_.[ = +C‘—555 +C
(5 (tn5)° (in5)°3

Q.10

Q.11

Q.12

Q.13

(1)
J‘ Jtanx

sin X cos X

dx

tan x sec2 X
J ftan sec?x o,

tanx
tanx =12 = sec?x dx =2t dt

t.2t dt
J. 2 =2t+c=2+tanx +c
4

2)(
_[ T_ " dx
dt

2=t = 2In2dx=dt = 2*dx = n2

1
- i =1 DX
/n2 .[\/1_,[2 ~ 2 3" (@) +c

(3
I tan® 2x sec 2x dx

'[ tan 2x (sec2 2x —1) sec 2x dx

sin 2x sin 2x
= '[ 7 dx —I > dx
cos™ 2x CcOSs“ 2X
put cos 2x =t
. _ o dt
sin 2x dx = — >

SIST

J.de_je—l

dex_jd_x
RN Jex 1
X

=] tht_l - ex\/ZZx -




Q.14

Q.15

Q.16

-] tht—l _qu/j;—l
=/n (e +\/e71j

(3)

2sin? % J2sin?
=1 e [ 2 g 2_ g
CcoSX CoSX \/ ) X

sec™ (€) + ¢

2cos”—-1
2

X 1 . X
Let cos - =t = —— sin - dx=dt

2 270 2
Jz

Q.17

=22 j\/;;—l i _2\/_ J

t+ /tz—1
2
X \/ﬁ
CO0S—+,/COS ———
2 2 2
(1)

I:I dx3=J-

X\/l—X

—2t dt
3

t. dt
t2t

= | =-2log +C

=-2log

+C

x? dx

x3y1-x3

Put 1 —x3=1t?
Q.18

= x?dx =

-3 ien

J' sin® x dx = J-sin2x+1—1dx 1
1+sin? x 1+ sin® x Q.19

Indefinite Integration

dx
:Idx—j—.z
1+sin“x
2
sec
Idx—j—x 3 dx
sec” X +tan“ x

8602 X

- J.dx_-‘-1+2tan2xdx

ST o (o

1
=X - —

72

tan™ (4/2 tanx) +c
D
2
J‘ (logx -1) dx
1+ (log x)2

/nx=t => x=€ = dx=€dt
2
tf t-1 t
= dt =
J-e[t2+J Ie

1 2t

I o2+ @+ t2)? | g
0 T
() £ (1)

2 —_
t;l gt dt
(t“+21

et X

= = + C
1+t2 1+Iog2x

(2)

sin X
[SnX gy
sin(x —a)
Letx—a=t = dx=dt

J‘ sin (_a+t) ot
sint

dt

_ ,[ sinacost+cosasint
sint

=sinaj cottdt+cosajdt

t.cosa+sina./n(sint) +c
(x—a)cosa+sinalnsin(x—a) +c
=xcosa+sina/nsn(x—a)+c
(cosa, sin a)

(1)

J. _n|x]
x,/1+€nx
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Indefinite Integration

Q.20

Q.21

Q.22

64

1
1+/nx=t* = ;dx:tht

2
J'(t _1)2tdt :2I(t2—1)dt
t
£3 2 2
=2 ?—t +c= §t[t2—3]+C =§,¢1+énx [1

+/nx—3]+c= % Jl+nx [inx=2]+c

(3)

[ {1+ 2tanx (tan x + sec x)} 2 dx
I{1+2tan2x+2tanxsecx}”2dx
I{seczx—tanzx+2tan2x+2tanxsecx}1’2dx

= '[(secx+tanx)dx

=/nsecx+/n(secx+tanx) +c
=/nsecx (secx +tanx) +c

(3)
I (x-1) e~ dx

= Ixe‘x dx—j e dx

= _xe* + Je‘x dx—J.e‘X dx

=—xe*+c

(1)

X
tan'x =t = 5 =dt
1+x
[e@+tant+tarya

= [e (s t+tant) at
=étant+c

tan~tx

1
@ X tan (tantx)+c =x e +C

=e

Q.23

Q.24

Q.25

©)
X

Je
Jx
\/;=t = idx=2dt

Ix

2J'et (t2 + 1) dt

(x+\/;)dx

:2J.et (t2+2t) —2J.ettdt
=2 () -2te—-¢€]+c
2e&.x—2[&e&—e&]+c

2e&[x—&+1]+c

(4)
J. e®"%(sec0-sing) do

dt
1+12

t
| = J‘ e 5 V1+t2 — t dt
1+t V1+t?

tan0=t = do =

1 t
:jé \/1+t2 \/(t2+1)3 dt

1
=¢ +c=¢gnd +cC
t2+1) sec 0
=e*%cosO+c
(2
_J‘ dx _j dx
Y=l ixs1 717 1 1

XT+X+—+1-—
4 4




Q.26

Q.27

(3
I= Ie3x cos4xdx

*(Asin4x +Bcos4x) +C ....(>I)
1 3X . 3 3X o

I=—€e"sn4x - I—e sin4dx dx
4 4

Sindx + —e% cosdx _ J‘ie3x COS 4X dx
16 16

2 I= 1 (4e3x sin4x + 3e® cos4x)
16 16

comparing with equation (i)

(3)

g etenleh
CLex) ~x2 Tx M ixs1) e
1 _ a L i d

Barx) T x T x2 T x@ T (x+)

l=zax®(x+1)+bx(x+1)+c(x+1)+dx®
putx=0 =>c=1

putx=-1=d=-1

putx =1

1=2a+2b+2c+d

1=2a+2b+2-1 = a+b=0

put x =2

1=12a+6b+ 3c+ 8d
1=12a+6b+3-8

12a+6b=6 = 2a+b=1 = a=1

Joaga = (A Lt o
X3(1+X) X X2 X3 x+1

V4 1 1 14 1
=/nx+— "> —-/KX+1)+c
X 22 (x+1

1 1 X
G +4n x+1) *¢€

A=-1/2, B =1

Al Il+ x3 —x3 J. 1+ %3 dx
ter : = - —
e x3(1+ X) x3(1+ X) 1+X

Q.28

Q.29

Q.30

Q.31

Indefinite Integration

(2)

2

-1 X 1

.[—2 dx—J.2 dx—j—2 dx
X(x“+1 X +1 X(x< +1)

1
Idx -[x +1 J.x3(1+x‘2)dx

Let 1+x2=t = B3
-x—tan—1x+— -
2
1
=x—tan—1x+5€n|1+x—2|+c

1
=x—tanx + > (x*+1)—/Inx+c

(4)
dx 1 2
=|l—————5  putl+ = =2 =>-—3
y J- 3( 1J3/2 p 2 3
X 1+—2
X
dx =2t dt

—t dt _ d 1 X

S =-+C= +C
t? Tt V1+x2

+y(0)=0=C=0

1
~Ly(@) = \/E
(2)
cos2x dx cos? x —sin® x
g - [
(sinx +cosx) (sinx +cosx)

COS X —Ssinx )
= | ——————0dXPut Sinx+cosx=t= (COSX —

SinX + cos X
sinx) dx = dt
dt ,
=lI= IT =/n|t|+ C=/njsinx + cosx|+ C
(3)
j(l+tanx tan(x + a))dx

j- sinxsin(X + a.) + COSXCcos(X + a.)
B COS X COS(X +a)

J' COS(X + o —X) dx
CcosXxcos(X +a)
Sin(X + ot — X)

= cota Icosxcos(x +0)
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Indefinite Integration

Q.32

Q.33

66

j sin(X +a)cosX  cos(X +a)sinX «

= cota COSXCOS(X+a) COSXCcos(X +a) Q.34
=cot o Utan(x + a) dx —J.tanx de

=cot o [/n]sec(x+a)|—¢n|secx]|]

COS X

cos(x+a) +C

)ec

=cota /n

sec(x+a)
secx

=cota /n [
(2)
J‘ dx

cos® x A/Sin 2x

dx

I cos® x 4J/2sin x cos x

J‘SGC X

vtanx

Q.35

_\/_J.cosxtan

a+ tan® X)

‘\/_ Vianx

puttan x =t> = sec?x dx = 2t dt

:% j[#jztdt = 2 [+t

sec? x dx

~ t5
:\/E t+€} +C

5/2
tan X
= /2 tan1’2x+—}+c

(2
j cos4x +1
COtX — tan x

Q.36
=Acos4dx +B

| = I (cos4x +1)
(cos? x — sin? x)

2c0s? 2x )
:I — - | (cosx sinx) dx

Cc0S 2X

COS X sinX dx

I €0Ss2X sin 2x dx

cos4x

+B

1 ‘[sin4xdx =_
2

(2)

1
= |—d
! -[ \/(tan x)H(cos® x) X

I(tan x)"1Y2 sec? xdx

I(tan x)*Y2(1+ tan? x)sec? xdx put tanx = t

= sec?xdx = dt
1 :J'(t’l”2 +

-2 24002 2t—5/2 c
9 5

t77/2)dt

o2 4 (tanx) S24C=A=

<Q|H
v9)

-2 -
—(tanx
- (tanx)

1
~5
(2)

I4sinxcos£ cos% dx
2 2

: X 3x
2 sin X oS — ==
Zj( 2] cos > dx
Zj sin3—x+sini cosﬁdx
2 2 2

IZSIn—COS dx+.[2$|n§cos%dx

= Isin3x dx + J((sin2x)—sinx) dx

COS3X COS 2X

3 2

+COSX +C

(2)

J. Sin X.COS X.COS 2X €0S 4X.C0S 8x.cos 16x dx
1 :

= E J. (sin 2x.cos 2x) cos 4x.cos 8x.c0s 16x dx
1 .

= Z-[ (sin 4x.cos 4x) cos 8x.cos 16x dx

= %I (sin 8x.cos 8x) cos 16x dx

= ij sin16x cos 16x dx
16



Q.37

Q.38

1 cos 32x

32 32

= ij. sin 32x dx =— Q.39
32

1
__ﬁ Cos 32X + ¢

(3
j dx
sin® x + cos® x
dx

X —sin

4 2 2

-[ sin® X + cos X COS“ X

_ [ (L+tan®x) sec® x dx

tan*x —tan®x +1
tanx =t = sec?x dx =dt

_ [ @etd)dt ‘J 2
1

241 2
t—=| +1
t
1 1
Let t—; —u > (1+t—zj dt = du

-

1
> =tanrtu+c=tan? (t——) +c
t
=tan™ [tanx—
ta

1
+cC
nx

sec? x dx

tan4 X+1-— tan2 X

Q.40

du
1+u

=tan? (tanx —cot X) + ¢

D

dx
3
= + +
J‘ — : a./cot x +bytan®x +c
sin® x cos® x

I sec? x dx
Vtan3 X

tanx =t? = sec?x dx = 2t dt

Q.41

(1+tan2x) e x d
— x dx
tan? x
:J 1+t thtzzj i-ﬁ-tz dt :—£+Zt3
t3 t2 t 3

+ C:—ZVCOtX +§ ﬂtansx +C

(1)

Indefinite Integration

(l+ '[an2 Xj
2

J‘ dx _
COSX —SinXx

X
sec?” dx
2

.

1-tan? Xx_ 2tan5
2 2

X X
PuttanE =t = SeCZEdXZZdt

1—tan25—2tan5
2 2

_ZIL _Zj—_dt
R B ] S T T
—dt dt
:Zj(t2+2t+1—2) :ZJ.Z—(t+1)2
2 \/§+t+1
=22 M 2w+ *C
X
1 \/§+tan5+1

To n————=< +¢C
\/5 ﬁ—(tan;+lj
(1)

[—2 dx
el by e aowert

sec? x dx

-

dt 3/2+1 _92
:-[t3/2 T 1-3/2 Te= Jtan x *e
(1)

T S SRS
x(x" +1) x M1+ x™M)
l+x"=t = —nx™tdx=dt = e

1 dt 1
=—— | —=——Mm@A+xM+c

n t n

X" +1 +c X +c
L BN - nén 1+x"

—F— [tanx=t = sec?xdx =dt]
Vtan® x

-1
n

—dt
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Indefinite Integration

Q.42 (3)
X —X
J‘4e + 6e dx
9eX —4e7%
X —X 2X
4e” + 6e _A4+B 9e2 .2
9e* —4e* 9e™ -4

4e° +667  9Ae™ —4A +18-Be™

9e* — 467> 96> -4
_ 9A€‘ —4Ae* +18Be”
9e* —4e7*
6=—4A | 4=9A + 18B
A=-2|a=-2 i188
) T2
18B = §
T2
o B
" 36
Q.43 (4)

1 dx put 1+ i4 =t
X5(1+7)3/4 X
X

:—isdxzdt
X
tra g e
== =237 =41
1/4
1
= — 1+— +C
( x“j
Q.44 (3)

1-x’ ~ 1 X
I X(1+ )(7) dx _J' xX(1+ X7) dX—I a1+ X7) o

1 X
_J. xe(x " +1) dX_I @+x") ox
l+x7'=tl+x'=u

du
— - 6 - -
8 dx = dt x° dx -
dx -1
B -7 h

68

1 dt du 1 1
:_—I—_ I—:——fnt——fnu

7 t u

1

7

7 7

~N |-

1
=— Zn(1+x—7)—7 mL+x)+c

1 x"+1) 1 :
=-3 /n 7 —7fn(1+x)+c

2
=—z/mMA+x)+/InXx+cC

7
Q.45 (2)
J.—Bx4_l dx :J-—3x4—1 dx
(x* +x+1)2 2 [x3 L 1j2
X
J‘ 3x2 -1/ x? dx

2
(xg’ +1+ 1]
X
2

1 1
XC+l+ = =t = (3X ——zjdx=dt
X X

dt 1
=5 ===+
t? t T °
1 X
= ——— — +Cc=——F———— +¢C
(x3+1+1/x) x*+x+1
JEE-ADVANCED
OBJECTIVE QUESTIONS
Q.1 (B)

[ tan (x— a) tan (x + 0 tan 2 ox

_ tanA + tanB

tan (A +B) = 1-tanA tanB
(tanA +tanB)
tanAtanB—l——tan(A+B)

(tan(x + a) + tan(x — o))

— + =1-
tan(x — o) tan(x + o) an2x

tan 2x tan (x — ) tan (X + o)
=tan2x —tan (X + a) —tan (X — @)

Itaantan(x—a)tan(x+a) dx

= Itaandx—jtan(x+a) dx —tan (X — a)dx



Q.2

Q.3

Q.4

1
=—/nsec2Xx—(nsec(x +a)—/nsec(X—a) +cC

2
+/SEecC 2X

n +C
sec(X +a) sec(x —a)

JJ?

—:t: ———dt

j—\/%dt

putt=cos20 = dt=

J' 1- 1/x 1
1+1/X X2

—2sin 20 do

= j 2 sin 0 (2sin 6 cos 6) d6
cos 0

= 2I 2sin0do = zj (1-cos26)do

=20-sin20+c=costt—+1-t% +¢C

1 1 2 _
= cos'=—y|1-—5 +c=sectx = XX lic
X X X
(B)
xdx
\/1+x2+\/(1+x2)3
Let 1+x2=t* = xdx =tdt

I t dt dt
\/t i+t
=2Jﬁ +c=2\/1+x/1+x2 +cC

j-/a+x /
a—x
=I—2X dx
/az_xz
F-x2=t?

t dt
=-2 T:—2t+C——2\/a -x2 +c

J‘(a+x) (a— x)d

X2

= xdx = tdt

Indefinite Integration
Q5 (O

J‘ X13/2(1+ X5/2)1/2 dx
4
1+x2=1 = x¥dx= 5 t dt

J‘ %5 x3/2 (1 + x5 dx

4 4
gj(tz—l)Z.tZdt_ gj(t4—2t2+1)t2dt

4,[ . 41t" 25 t°
— — 2+t dt= — | =——=t>+—|+cC
S ) -2 ey 5{7 U

_% (1 + X5/2)7/2 _i (1 + X5/2)5/2 +i (1 + X5/2)3/2 +C

Q.6 (©
'[(xe"”s"‘x —cos x)dx

= Ixsinx — J.cosx dx
= _X COS X + jcosx dx — jcosx dx
=—e™cosx+C

Q7 (A

J n(1+sinx) + X tan(E - ij dx
) ()

=x/n(l+snx)+c

Q8 (A

|:j[ lixz]m(mm)dx

[y S ——

{
11 I

= n(x+ 147 fﬁ X_I[X+m)[l+ 1+Xx2]

_ X
I, = I de

1+ x2=t>= xdx =tdt

| = /n (x+ 1+ x2 )J. Lt I[

- oo

1+x

=/n(x+ \/1+x2). \/1+x2 -X+cC
69



Indefinite Integration

Q9 (A Q.13
I dx .
= +
X+ X° () +c
J~x4+1_1d dx I dx , -
=|——dx=|—"| ——= =/nx-f(x
X + X2 X X+X° )
c
Q.10 (O
4
J‘ x2+12dx
X(x“+1)
4 2 2
:>J' X +2x2+1;2x dx
X(x“+1)
dx ot 1
= » 2 :>fnx+1+X2 +C
Q1 (A

1
e

1—x3=12 (Aliter put x® = sin? 0)

2
2 -_=
x2 dx 3tdt
_J' x2 dx Q.14
x3 \/1—x3 .

~ g.[ t dt _EJ dt
- a-t2)t 37 (2~

2, -1 1, 1-x3 -1
=—/M—+cCc=—=/n 7=  +¢C

3 t+l 3 Ji=x3 i1

Q.12 (A

1
1= D2 &

Xx-1

o e i ol

[X‘;J (x +2)°

X+

3

= 2dx=dt

(x+2)

tl/4

11,314
=—|t dt = +
=2 ¢

w|

(1/4)

70

/ ¥
J. i-ﬁ- J. \/1_—dX
-J 7

Jx
Letl,= [ |2 dx= [ —2— dx
J 1-x jll_(&)z
d
put Vx =t = —2\/)(; = dt

X _J‘\/li(x o

‘JZt dt

Vi ©

J‘t +1- 1dt

=2j—\/1d_% —2j 1-2 dt

lsintt] +c
2

2 s‘nlt—zg 1-t2

=—24J1-x —2sin? fx +4/x J1-x +sintx +

—21-x —sintyx +x J1-x +c
=—2./1_x +costx + x V1-x +c
D

1-cosx
[P
COSa — COS X
1- (1— 2sin® ;j
= d

cosa — [Zcos - —1)
2

X

. X
sin —

:ﬁj\/ dx

X
c030c+1—2c032E

:ﬁj\/ sing N

2cos2 % _2c0s? 2 X
2 2

X
sin —
2

= I dx
X
cos?E _cos? 2

2 2




Q.15

Q.16

X 1 . x
cosE—t:—E sin 5 dx = dt

X
in X dx=—2
sm2 dx dt

dt . t
=—2J.—=—29n_1 o +C
COSZE tz COS —
2 2

X
COSs —

=-24n? +C

cos —
2
(D)
_ J-sin X(1+ sin® x)
~ ) 2cos?x-1

. J'2—t2 dt—ftz_zdt—1I2t2_4dt
I G R TE N I I A T |

3 dt
at-- I2t2—1

putcosx =t=—sinx dx =dt

t 3 1 2t-1
e n|————
2 " 22 J2t+1
2cosx—-1
= — COSX 3 / \/_ +C
2 a2 J2cosx+1
1 -3 x/Ecosx—l
A_E'B_ 4\/§,f(x)-£n J2cosx+1
1 3 \/Ecosx+1
or A= > B= 4\/5 ,f(X)=/n —\/Ecosx—l
(A)
sinx
2.[ sin 4x dx
sinx : sinx
ZJ. 2sin2x cos2x dx = 2sinX COSX COS 2X dx

cos x dx

dx 1'[
~ 2 J cosxcos2x T 2 J cos2xcos?x

1 cos x dx
(1—25in2 X) (1- sin? X)
putsinx =t = cosx dx =dt

Q.17

Q.18

Indefinite Integration

1 I a1 I __ a0
2J q-2ya-t3) ~ 2 (t?-1(2t? -1

1 @P-n-2(°-1)
‘_I (t? -1) (2t -1)

Y

T2 21T 2) 2l
1£ t—1 1 , t—1/\/§
= — — +
2" 22(1/\/5) N2 T
_ig sinx-1 \/Esinx—1+
T4 sinx+1 2\/_ V2 sinx+1
(B)
1+ x4
,[(1_ X432 dx
4 Lix
1+x 3
_ - X
_.[ 37z X j 3z OX
W3 L 2 1 5
X
X2 x2
Let L 2=t
= o=
<2

(B)
2sinX —sin2x
(9= [ =

2sinx —sin2x 2sinx 1-cosx

f'(x) = = .
(x) 3 ” 2
2
(o2 sin2
of Sinx 2sin“ 2 5 o (sinx) | 2
T x X2 - X X
Z x4 2
4

x—0 X x—0

. sin—
. m (SiNX) im 2
; f()_>|<|—>o[ j“ =1

N | X
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Indefinite Integration

JEE-ADVANCED
MCQ/COMPREHENSION/ COLUMN MATCHING
Q1 (B,C

| = J‘me_ 3™dx = I(Zm- 3”)de

mX onx
/m(2". 3"

Q2 (B,C,D)

2 2
I w cosec?x dx
1+x

= Icoseczxdx —J. dX = —cotx —tanx + C

1+ x?
=—cotx—cot’™x+C ... @
=_tanix— OOSEX s .. ()]

Sec X
= _g/mtanx —cotx+C ... 3
Q3 (BD)
fn(x_lj X—l
I:J‘;ﬂdx put /n|_—| =t
X2 _1 X+1

dt _ t° 1 (x=1 1
:I—J-t——Z+C—ZIog [x+1 +C=
, x+1
log x—1) tC
Q4  (ACD)
I=dex put /ntanx =t
SINX COSX
_;d)(:dt
sinxcos X

2
s I= Itdt :%+C :%(fntanx)2 +C

_1 /ncotx)? +C= 1 /m?cotx)+C
2 2

1
= %an(sinxsecxhc =5 /n? (cosx cosecx) + C

72

Q.5

Q.6

Q.7

(A.C)

_[ m(x+1)—/¢nx
X(X+1)

jL"]dx

X(X+1)

dx

Let ¢ [X_Jrlj_t 1 x—(x+1
"Wx )~ [x+1j 2

X

dx =dt

dx _
X(x+1) ~

2
t 1 2[x+1j
== = 4+ = — Zn — +
Itdt > c > { " c

1
:_E [fn(x+1)—¢nx]?>+cC

dt

1
:—E[znz(x+1)+fn2(x)—2fnx.fn(x+1)] +C

N|

1
== énz(x+1)—§ m2(x)+/nx/n(x+1)+c

1
== €n2(1+1] +C
2 X

(C.D)

I e* cosdx dx =e*(A sin4x +B cos4x) + ¢

Diff. both thesidew.r.t. x

¥ cos4x = 36> (A sin4x + B cos 4x)

+e* (4A cos4x —4B sin4x)

cos4x = (3A sin4x + 3B cos4x) + 4Acos4x —4Bsin 4x
1=3B+4A

3A-4B=0
3A=4B
(A,B,D)
dx dx
1= Jx—x2 :". 2
1 1
R X_i
63
-2
X73
=it =St (2x=1)+C.... (1)

1/2

dx
Alsol= f I ik Putyx =t



Q8

Q.9

=——dx=dt

1

24x
2dt

3I=J\/:=Zsin—1\/§+c ....... @)

Now Let 6 =sin™(2x—1)
=sno=2x-1

= €0s0 = \/1-(2x —1)?

= J1-4x% 1+ 4x—1 =2x - x2

Q.10

- 1
=0=cos'2 /x_x?

(AQ)

J‘ x—-1

x2\/2x2—2x+1

dt
putx =1/t = dx=—t—2

1
| [ (_EJ
- 2
t
LE-2a
eVt t

_J (t-1)dt _lj' (2t-2) dt
J2-2ts2 27 2 _oti2
Let 2-2t+2=22 = (2t—-2)dt=2zdz
12zdz
_EI z

dx ——m

~ o)

+C

=zZ+cC

= t?-2t+2 +c

1
%2
\/2x2 -2X+1

2
—+2 +c
X

+C
X

g(x)=x
f(x)=2x2—2x+1

(A,B)

Letlzjd—letan-l(tanij+c Q.11
5+4cosx 2 '

X
sec? = dx

[—— 2
1+4(1+cosx) ~ 5+5tan2§+4—4tan25

Indefinite Integration

sec? X dx
" pu i X =t s X a2t
Tl gygnz X TN TE= S, ax=

J- dt 2 -1(ltanij 2
=[=2 9412 3tan 3 2 +C:>I—3,m
_1
3
(A,B,C,D)
sin2x 2tanxsec? x

1= J.ﬁ dx = I4—dx put

sin " x+cos "X tan* x +1
tan’>x =t = 2tanx sec’x dx =dt

J' dt ) c
= = B +
t? +1 tan()
T Afi, 12

= tan™(tan’x) + C :E—Cot (tan X)+C

1
= —cot!(ta’x) +C, = —cot™* ( > j +C,
cot® x
= cot™ (cot’x) + C,

1-tan?x _
also cos2x = — M
l+tan” x 1+ cos 2x

using these valuesin given integral

J =tanx,

I= sin2x dx

(0032 X — sin® x)2 +2sin? xcos? x

dx

_[ sin2x

2
(cos2x)* + (1_ COZS ZXJ

2sin2
= I#dx put cos2x =t

(cost)2 +1
= —2sin2x dx =dt

J‘—dt
= 1= t?+1

= —tan't+C, = —tan"*(cos2x) +C,

(A,C,D)

1 1
f'(x) = 3x2 sin(;j —X cos(;)

Now M f(x)=0-0=0

Xx—0

.o at x =0, f(x) is derivable so continuous also, and
f'(x) iscontinuousat x =0
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Indefinite Integration

1 1 —1)2 _
now f'’(x) = 6x sin(;j + 3x2C0S (;jxiz - 1sin = I%dx = IX—;dX
X—D(X— X—
e[
< ~o0s |

jx_2+1dx = I(l+ 1 jdx
X—2 X+2

1 1 1 1
so f'"(x) = 6x sin (;j Y sin (;) + 2 cos (;j

x+Inx-2|+C. Ans]
1
atx=0,cos[;j isnot definesoat x =0, f''(x) isnot Q.15 (D)

Par agraph for question nos. 15to 17

Q.16 (C)
continuous or f'(x) in not differentiablex = 0. Q.17 (D)
Q12 (A,B) _ f(x) x2+x+1 2
n-2 2 (I) I d x-1 * E
In:_[cot”xdx :Icot x(cosec“x —1) dx
_ —cot"x . 2X +1j
=— -1 _,+C, tan ( \/§ +C
_cot™x Differentiating both sides, we get
=1+ = +C
n n-2 n—-1 1 f(X)
Now, I[,+1 +2(L+..+I )+ +L x3-1
=+ 1) + L+ L)+ (L + L) + (I + 1) + ([ +1) + (I +1)
+(Is+le)+(19+l7)+(110+18) _ x-1 (X l)(2X+l) (X +X+1)l
{cotx cot? x cotng X2 +x+1 (x-1)?
- | +..... + +C
1 2 9
2 1 2
S A=-1. = . 2=
V3 1+[2x+1)2 J3
Par agraph for question nos. 13& 14 \/§
Q13 (A)
22 x-1-x2-x-1
Q.14 (B) - x3-1
(13,14)f(x) =ax?+bx + ¢
and  g(xX)=pxZ+gx+r L4 3
90)=2=>r=2 3 3+(4x% +4x +1)
g(x)=2px+q
= g(0)=-3=q=-3 _ X -x-2 1
g'X)=2p=>p=1 x3-1 X2 +x+1
L g(X) =x2—3x+2 fX)=(x>*-2x-2) +(x—-1)=x°—-x-3 = f
Again, @+ b?+c?-2a+4b-2c+6=0 (1)=-3 Ans.
(@a=1)%+((b+2?+(c-1)2?-6+6=0 B
Hence,a=1;b=-2;c=1 (ii) = J'Md(sinx)
() =x2—2x + 1= (x —1)2 6+f(sinx)
0] f()+9(1)=0+0=0 6
-
) f(x) (x-1)2 = SnNX d(sinx
(i) jg(x) .[ 2 3x+2 J-6+sin2x—sinx—3 (Enx)
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Indefinite Integration

6

1- putsinix=t = > dt
J' —SNX_g(snx) (Put sinx=1) 1=x
sSn“x-sinx+3 :>|:(X):J.et (Vl—sinzt—sint)dt —gcost+C
[T/S,inde] done .
= esm’ X /1_X2 +C
_§ 1l 6 -+ 1=F(0) =C=0
_ 2 1
L= [ a R,
J- t+3 I 1 i Hence,F(1/2)-e".7- - e
Tt t2 (given)
T
nk=o
= In [1—1'+ 3j+K 2
t 2 oF J- 1( 11 jdx
1 3 (©F)= +1)(x +9) 8JIx?+1 x?+9
:In(l_sinx+ 2 J-I- 1{tan 1y~ Lan 15} C
Sn-Xx 8 3 3"
3 0=F0)=C
= g(X):ln(l_snersin?xj 1(x 1x)_5n 5k
83 36 144 36
1 3
—In|1-—+ k=2
9(®) '“( snt sinztj “k=7
' ;1
Now, tI_Img(t) In3 Ans. (D) F(x) = ISIHXCOSX dx=J.(tanx)2 se?xdx =2 Jtanx
72 +C
: ~+0=F0)=C=0
I_'[5+f(s|nx)+f(cosx) dx 0= 2
(i 1= sinX +cosx < Fnl8)=2=—
_ J5+sin2x—sinx—3+coszx—cosx—3dx Ck=x
a sin X +Cos X
B I—dX——X+X Q19 (A)—>(9:(B)—>(@;:(C)—>(n
. h(x)=-x (since h(1) =-1) (A)v=0:>a=b,AIsoa+b=u:>a=%
Hence tan™ (h(2)) +tan™ (h(3)) =tan™ (-2) 1+ dx
Now, I:—J
1+cosx

-3n
+tan™ (=3) = wE Ans.]

:EI dxz :Ejlseczédx
Q18 (A)—={m. B)Y—=>((M, (©)—=(), (D)= u uJz2 2

X +Sinx 1 X
(A) F(x) = I dx = J(X Esec E+tan j dx

X
1+cosx :Uta”§+c
=xtanx/2+C
Since 0=F(0) (B)v>0=a>b
o C=0and F(n/2) = n/2
dx ax
int X Now,lz_[—:j
@®F= e |1 ox a+beosx o _p)+2bcos? X
V1-x2 2
_ J‘eSinlx[ 1 ’1—X2 n - X J dX Seczldx
V1-x2 V1-x2 = 2

(a+b)+(a—b)tan2 >
2 75



Indefinite Integration

1 Q.2

X X
put tanE—t:> Eseczzdx—dt

‘j 2dt
== ) aib)+(@-b)+t2

2 dt

o+
a-b

2 Vtanx
- —_—— —1 — —
= Jov tan Vu 2 +C

(CO)v<0=a-b<0=b-a>0

Now | = 2 J.L (using equation (1) of
" b-a a+b_t2 9
b-a
part (B))
/b+ath
:L 1 E|n b_—a +C Q.3
b-a 2 Vb+a b+a
-t
b-a
1 \/U+\/—vtan§
= In +C

—uv \/U—\/:tang

NUMERICAL VALUE BASED

Q.1

76

(4

2sinx —sin2x

f(x) = I dx
) v 04
¢ 2sinx —sin2x 2sinx 1l-cosx
"(x) = = .
) 3 P
2
) sinl
) sinx) 2SIN° 2 5.5 (sinx 2
X X2 T4 X X
— x4 2
4

. X
. n—
i , lim [ SINX} [im 2
lmf(x)=mo-( X ]xao =1

N | X

(3]

Jsin“ x cos* x dx = % Jsin“ 2x dx

_ij’ 1-cos4x 2 4
" 16 2 %
(1+ cos? 4x — 2cos 4x) dx

dx — i Icos4x dx + i
32 64

1+ cos8x
j 2

3 1 sin8x

=128 X128 9" * 12858 *

1 . sin8x
- —— | 3x—sin4x+
128[ 8 }*C

[12]

J.ﬂdx 2
f(x) = NP putx—-9=t
- 2'[(29+3t2)dt

f(X)=2(29x -9 +(x—9)*)+C

f(10)=60 =
f(x)=2(29{x -9 +(x-9)*?)
f(13) =132 = sum of digits=6
2(sum of digits = 12

C=0

[10

I:J‘\/4—

+x2
5 dx
X

Put x=2tan 0 = dx =2 sec?0 do

2sec0.2sec? 0 do
=1I= I

2%tan® @
_ 1 cos®0do
24 J sine
1 ¢[1-sin?0
=57 “sinfo cos 0 do



put sSin® =t—= cos 0 do = dt

N

Toa e Tl T1e |3t stt
1 (5sin?0-3
=16 | 15sin°0 ) TC
X X
but tan9= — Sosinf=
2 4+ x?
2
1 2)(4__3
_ = X~ +
T 16 15x° *e
/
(x2+4)52
/
1 [[x2-12)k 4P o
"~ 16 15%°

120 x>

1 [(x2+4)3’2(x2—6)J rc

Q5 [9]
== g S
= t =
R X put x3=a’sin
- d 2 coso
= Xx=asin”*f = dx=ax 3 —sin1’3e
asin®’3 0 2a cosej
a3il—sin26i>< 3 \sin*30 0
jsin1’3e 2a €0sH i 29 c
= X —/— =<0+
acoso 3 sin?o 3
3/2
2 X
_Z2 .12
—3S|n [[aj J+C
Q.6 (2

X dx

. J‘\/1+ x? +/(1+x?)®

Putl+x2=t2, then 2xdx=2tdt

tdt3 :j dt

jI:J‘JtZth V1+t

Indefinite Integration

=21+t = 2\/1+m +C

Q7 [

3 .
J‘esmx_xcos x2—5|nx dx
cos 2 x

= jes"‘x(xcosx —tanxsecx)dx

= IeSi”X.xcosxdx - jesmx tan x sec xdx
(by parts integration)
sinx

= xeSnx — jl.eS‘”de —[eS™ secx— jeS‘”x cosx.secxdx] +C

sinx

= e (x—-secx)+C f(x) =x —secx

f[ﬁjzﬁ_z
3 3

Q8  [16]

J- 1+2cosx _
9() = (cosx + 2)? :

cosXx(Cos X + 2) + sin® x

= dx
90 I (cosx + 2)?
(x)= Icosx. 1 dx+.|. sin’ x dx
9 (cosx + 2) (cosx +2)?
: 2
= ————.5Si —I—ﬂ.sinxdx+J~de
(cosx +2) (cosx + 2)? (cosx +2)?
sinx
S ¢

9(x) (cosx+2)
9(0)=0

c=0 __sinx
= - 9(x) = COSX +2

b 1 i
ol . 32g| — |=16

g[zj 2 g(zj

Q9  [1Z
fog(x) = Je* -1

j fog(x)dx = j e —1 dx

2

2t
put es—1 =12 =I dt =2t —2tant + C

1+t2
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Indefinite Integration

Q.10

Q.U

78

= 2Je¥—1-2tantye*-1+C
A3+B2=23+(=2)2=12
[11]

2sin 2¢—cos ¢
6—cos % d—4sin ¢

I=

do

_ J‘ (4sing—1) cos ¢
6— (1—sin®¢) — 4sind

putsing=t= cos¢dp=dt

J' (4t-1 dt dt

J- 2t-4)+7/2
5+t° 4t

t>—4t+5

= 2[/nj2—4t+5[] +7 J mdt

t-2
= 2[£n|t2—4t+5|]+7tan-1( 1 j+C =2
gn‘sin2¢—4sin¢+5‘ + 7 tan-Y(sing— 2) + C

[13]

(x-1)?
x*+x2+1

_I X% +1 dx—J 2X dx =1 _1
Tl xrix?i x*ex2y1 2

14 L
Xz
o N2
( 1) +3
X

1 1
putx_; :t:> l+—2jdX=dt

I=

Now Il—

dt 1 X%
O T N
v li2y3 3 J3 !
2X d
Also I,= jm X put

X?=t=2x dx =dt

=>L= It2 f:+1j( 1j2dj{\/§J2

Q.12

Q.13

Q.14

2x% +1

2 tan Y 2L
RE) V3
(x-1)* 1 x2-1) 2
I ——— dx = tanl(—j ——= tan™?
x4 +x2+1 V3 xJ3 ) 3
(2x2+1J
B )T
(1
1+ Xcosx
]

X (1 X2 e2smx)

Put xes™ =t = (xe¥™. cosx + e¥™) dx = dt
= e"™(x cosx +1) dx =dt

dt 1
=1= -[t(l—tz) - It(l—t)(1+t) dt

1 A B C
et =—+ +
-+t~ t  (@A-t) 1+t

1=A (1—0)(1+ 1) + B(t) (1+) + CO)(L—1)

putt=0= A=1
Putt=1= B=12
Putt=-1= C=-12

11 1
=1= J{T 20-1) 2(1+t)}dt

1 1
= £n|t|—— n |1—t|— |1+t +C

1
= /n|x e —Elog |1- x2 €™ + C = ¢n

Xzez sinx

1- X2e2$inx +

(2]
4

J‘ X" +1 A=A ¢ B c
— 5 = + +
X2 +1)2 & N 1+ x?

4
J‘ X2+12dx:
X(xX“ +1)

I dx I(x 112

(x? +1)% — 2x?
X(x% +1)°

X =/n|x|+ +C

1+x2

1 sec* x
1= —— dx = I—dX
'[ sec? x —tan* x



J'sec2 X. sec? x dx

sec? x +tan® x

~ J'(1+tan2 x) sec? x dx
- 2tan® x +1
put tanx =t = sec dx =dt

2
ij‘222t dt
20 2t% +1

= %“dt +I 2t21+1dt}

= L +itan‘1(\/§t) +C

2 22

= I=

= %tanx—‘,—itan_l(ﬁtanx)_i_c

22

Q.15 [11]

dx

J‘ cos® x + cos® x
sin? x + sin* x

(2-3sin? x +sin* x)cos x dx
sin x(1+ sin? x)

2 6
= ||z |dt
J'[ t2 t2+1J

2
=t-7 —6tan'(t) +c

Letsinx =t

IM
=l

2
=sinx — ——— —6tan? (sinx) + C
sinx

Q.16 [10]

dx
IZJT
Jsin®xcos °x

J'sec4 x dx

‘[\/tan xcos®x * tan®x

(1+tan? x)sec? x
Jtan® x

dx Let tanx = t¥2

= secXx dx = %t‘mdt

J.& 2 t—1/3dt

Indefinite Integration

= %I(1+t4/3).t’4’3dt

_a g t—1/3
- j(t43 +1)dt = 3{( TR

_ 2
= —2t"+ZteC = _zm+§tan3f2 iC
= a=-2, b=2/3
JEE-MAIN
PREVIOUS YEAR'S
Q1 @
2sin? 0cos20(sin® 0 + sin® 0 + sin® 6)/2sin0 + 3sin?0 + 6
| do
2cos’ 0

Letsind =t coso do = dt
= [+ +?) 2t o 6 d

= [(E+8+1)2t° + 3" + 6t2 dt

Let2t6 + 3t + 6t2 = 2
12(t5 + t3 + '[) dt=dz

1 1
= = — 3/2
lzf\/EdZ 182 +C
=18 (2sin®0 +3sin® 0 + 6sin20)¥2+ C

= l_]é [(1 - cos?0)(2(1 — cos?0) + 3 — 3cos’0 + 6)]
+C

= 1_18 [(1—cos? 6)(2cos* 6 — 7cos?d + 11)]¥2+ C

1
=18 [—2cos? 0 + 9cos* 6 — 18cos? O + 11]32 + C

Q.2 @
put sind + cosd =t =
= (cosd —sinB) db = dt

1+sin20=t2

dt dt
- =J.\/8—(t2—1) = j\/g_tZ =snt+C

. sin® + cosO
:Sn_l T +C

=a=landb=3

Q3 [6]
(x% —1)dx

+jﬁ
X

3/2

79



Indefinite Integration

Letx>+x'+2=t

[1_7]-2) dx (X +1) - (XZ ~T)dx (—’:_)X_6 - 7X_8)dX =dt
J 1) 7'[ x*+3x? +1 = fx)=
X+—| +1tan” (x j dt 1
[( Xj ) X jf(x)z —F=¥+C
1 7
Put t -1( +j: - X
e X ( ) x“+1+2x

dt 1 1 %2
T P Q6 @
(x—j -5 (H] il Q7 ()
* X Q.8  [80]
1 1 Q9 [17]
Put X——=Yy, X+—-=2
X X JEE-ADVANCED
1 dy 1 dz PREVIOUS YEAR’S
logt+= | ——-=|—
2°y“+5 2°z°+1 01 ©
( +1j 1 x* -1 Put secx + tanx =t
=log tan! X 2[ \/_ (secx tanx + sec?x) dx = dt
secx . tdx=dt
1 1(x2+1] 1
*—tal’l +C ﬂx_tanx - —
2 X t
IPIPOE B I (L
o= 1B_2\/§1y_\/§1 _2 %X:Tt
or
o= ,B—z\/gﬁ’—\/g, -5 J'se;:/?dt t Uty
t 2 tt9/2
1 1
10(o+ Py +8) =101+ ———1=6
10 2
2_[( 9/2 t13/2jdt
Q4 (1)
—_1 L_ki +k
J.(2X—l)cos (2x—l)2+5d T T 772 Tt
X
J@x—1)" +5 e 1
(2x—1)2+5=1 - 11/2{7 11}+k
2(2x—1) 2dx =2t dt
24/t? —5dx =t dt Q2 (AD)
S Jx/t —5cost Esmt+c Y
PN -
INP(xY)
1 . 2 ]
= —8n4 2x-1" (+5+c¢
27N (+5+0) | \\
Q5 [4]
. Y -y=y'(X-x)
x J. Sx +7x)dx So, Y, =(0,y —xy)
x" x5+x'7+2)~

80



) dy 1-x?
So, X+ (XYY =1= =42

[% can not be positivei.e. f(x) can not be increasing

in first quadrant, for x € (0,1)]

[ 2
Hence,jdy :—I 1)_()( dx
2
:y:—jm;neede ; put X =sind

:y:—jcosec6d6+ Isin@d@
=Yy = In(cosech + cot) —cosd + C

1++/1-x2
=>y=Mm|"  |-J1-x*tC

1++/1-x32

=>y=m[ X ]—\/1-x2 (asy(1)=0)

Indefinite Integration
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Definite Integration

| EXERCISES

)

ELEMENTRY
Q1 (O

Put x = tan® = dx = sec’ 0 do
Also as x = 0,0 = 0 and X=L9=%
Therefore, J.;tan‘l xdx = I:/49 sec?0.do
:%—Iog\/_zg—%logz

Q2 @

| = Iﬂvﬁ sin 1x
0 (1 X )3/2

Put snix=t= dx =dtand x =sint

1-x2

1

Tc —
Alsot:otozasx:oto \/5

14
= | :I: t.secztdtzg—%logz_

Q3 (O

Lt _.l'ﬂ/4sinx+cosx
0 9+16sin2x

Put sinx — cosx = t, then (sinx + cosx)dx = dt

I—J-O dt _J'O dt
-19+16(1-t%) J-125-16t2

1 0( 1 1 )
=—J- —+ dt
10/-1\5-4t 5+4

0
‘— —[log(5+ 4t) —log(5- 4t)]

-1

1 1
=—(log9-1logl) = —Ilog3
40( g g1) 20093
Q4
16 g 16
Let | :In sm3x dx:jn tanx sec? x dx
0 cos®x 0

Put t = tanx = dt = sec® x dx, then we have
82

Q5

Q6

Q7

QS8

1
1 21 7=
|:J.\@tdt:{t_:|‘/§ 1
0 2

o

@

nl/4 X e_X i
I e “sinxdx =| — (-sinx — cosx)
-nl4 2

= —[e (-sinx—cosx)]*.2,

:;|:eﬂ/2(_1_0)_{ ﬂM(\lf }JH
'—J o Tl

nl2

-nl4

7ﬂ/2

1 1-x 1 dx 1 x
_[\/1 x? J.O\/l—xz _Jox/l—xz *

| =[sin"x]} +[V1-x°1% :%—1

@

_ X 2logx
I_J‘1 x dx

dx
Let logx =t :?=dt

2

logx t2 logx
.~.|=2f0 tdtzzl—:l = (logx)?_

@
82— 3x
\/1+x
Put 1+ x = t% = dx = 2tdt
When x=3—>8 thent=2-53

We have j

3 %2
5-3t dt

=2
' 2121

EP
2\t -1



Q9 @

LI T (T, .
joxf (snx)dx = E-[of (sinx)dx

Since J‘Oaxf (xX)dx = %a'[;f (x)dx,
if f(a—x)=f(x).
Q10 (3

J‘E/Z Jeotx

\&§i324-\[____ .....

- cot(z—) )
sl

J-TI:/Z Jtanx
Jtanx +\/cotx """ (i)

Now adding (i) and (ii), we get

J‘ﬂ/Z\/cotxh/tanx
Jtanx ++/cotx
Qu @

T . .
I:j-oxlogsnxdx i)

- j:(n — x)logsin(m — x) dx ... ii)
By adding (i) and (ii), we get

/2
2l :j;;clogsinxdx = :z—gjglogsinxdx

2 72 2 2
Q12 @
/2 /2 sinx
logtanx dx = lo ( )dx
J‘o 9 -[o 9 COSX

nl/2 . /2
= Io Iogsnxdx—fologcosxdx =0

{ joaf (x)dx = joaf (a- x)dx} _

d_ nl2 I—
52 =1-2

Q.13

Q.14

Q.15

Definite Integration

(1)
Since
. -1 .
2-sno 2-sno
o) -lad 22500) o 22800) g
(-6)=log 2+9n6 © 2+sno ©)

- f(x) isanodd function of x.

ff/2 2-s€nod
Therefore, 2.[ ( . ) de=0.

2+snb
@
3 J'Zn‘ sin20 B J‘Zﬂ sin(2n - 260)
0 a-bcos6 0 a-bcos(2r - 0)

2r  Sin20
= | =—I

0 a-bcoso
5 .
Lo-0= TSNP 4o 0
0 a-bcos6

@

| = J‘ZZ (cosx){log( HdX ()
= Ififzcod—x){log(i—iﬂdx
RTINS/

Adding (i) and (ii), we get

1/2 - 1/2 _
2l :j cosx{log(l—xﬂdx —I COSX {Iog(l—xﬂ dx
-1/2 1+X -1/2 1+ X

Q.16

Q.17

or 2l =0o0rl=0.
@
2
Let f(x) = J: eS"" X cos3(2n + Dx.dx

Since cos(2n + D)(w — x) = cog[(2n + ) — (2n + DX]

=—cos(2n+1)x and sin?(n - x) = sin? x
Hence by the property of definiteintegral,

j; eS""X cos3(2n + Dx dx = 0., [f (28— x) = —f (X)]

©)

3 x2sinx
J. 31—dx 0. By theproperty of definiteintegral,
+X
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Definite Integration

Q.18

Q.19

Q.20

Q.21

84

j_aaf (X)dx =0, when f (x) = f (=X) .
@

n/2 X n/2  cos® x .
1= —=[ — SO (i)
0 1+tan®x

0 sin®x+cosx

nl2 g'n3x

=I —_—d& . (i)
0 cos?x+sindx

/2 P
Adding (i) and (ii), we get 2! =j dx=1==.

0 4
@

m 2n
I:J-o - cost)dx+.[ (1-cos2x)dx +....
Y

j;af (x)dx = n I;f (x)dx , if

f(a+x)="1(x)

T
IleOj0 (1- cos2x)dx

12
| = 100\/5‘[: sin xdx = ZOO\EE sin x dx

= 200v/2[~ cosx] %2 = 200V2

(€)
n/2 4+ 3sinx
[ 4250
Let -[0 g4+3003x
n/2 4 + 3cosx
[ 2
Then, jo g4+35inx ’

{ I;‘/Zf (x)dx = j:lzf(g - j dx}

|__I“’2|og(w) =
= 0 4 + 3cosx

=21=0=1=0

©)

f (cosx) is an even function.
~.+ f (cos(—x)) = f (cosx)

: Inlz f(cosx)dx = Zjnf/(zcosx)dx = Zjnfl(zsin X)dx
P! Do ) '

Q.22

Q.23

Q.24

Q.25

Q.26

(1)

1/2

1+X
@ I= I_llzcosx In(ﬁj dx

1+x

COSX |n(—j is an odd function,
1-x

(o F(=x) = —F (%)

L. I = O

@

Let f(x) = log(X + V1+ x?)

Now,

V1+x2 +X)
f(=x) = logl V1+ x2 — x| = log(V1+ x> —x).(i
( j (\/1+x2 +X)

[(@+Xx%) - x?]

(WH) =logl-log(v1+ x? +X)

— _log(1+ x2 +x) =—f(x)
Hence, J._lllog(x+x/1+ x%)=0.

=log

|: J. a f(x) =0,if f(-x)=-f (X):| .
-a

@
9 1 4 9
X +2]dx =
Io[\/_+ ] -|.02dx+.|.1 3dx+J-44dx
=2+(12-3)+(36-16) =2+9+20=31

©)

nl2
I :.[o sin2xlogtanx dx ,

| = I:/zsinz(%—xj Iogtan(g—x) dx |
[ j:f (x)ox = [ :f (a—x)dx]

n/2 nl2
=I0 sm2xlogcotxdx=—J-0 sin2xlogtanx dx

Sl==1 =2 21=0=1=0.

)
Put x = sind, weget



J‘l Iogx J‘nleogsme cos0 "

A /1_ X coso

jnllz in0do =-"log2
=| logsinéde=-—lo
0 9 2 9

Q27 ()
/3  dx n/3
- I X ....(i)
©/61++/tan x /6m+\/smx
_J"II/S dgnx
1/64/COSX ++/SiNX
...(ii)
b b
(smcej f(x)dx:j f (a+b—x)dx
a a
n/3
Adding (i) and (ii), we get, 2! :j o
T
._1(£_£j L3
2\3 6 12°
Q28 (2
194294 40 S %
am 100 i!f;; 100
1 n r 99 1 XlOO 1 1
= lim = ( j nggdx= _— =—.
n—o N AN 0 100 0 100
Q.29 (2
L= lim 2 1 rn
2
=J‘ dx:\/g—l
0 J1+x
Q30 (4
1 1
lim| =+ —+——+.... —
n—>oo|:n n+l n+2 Zn}

. 1 1 1
= lim|=+——+ +ot
nbolN n+1 n+2 n+n

:lllm 1+— ! +i+....+ L

Moo g, 19,2 1+ —
n n n

Definite Integration

1.
=—1lim
N n—w

I1+x

=[loge(L+X)]§ = loge 2 loge 1

r=0 1+—

=loge 2.

JEE-MAIN
OBJECTIVE QUESTIONS

Q.1

Q.2

Q3

Q4

@
'[It VP -1

= [sec‘lt =% = seclx — secl

= —=sec’x =

ola

T
= X = secl—-=

6
(3)

$||'\’ ola

dx

X2 +2xcos o +sin? o + cos® a

dx
(x+cosa)? +sin? o

-]
|

1
1 _1f X+cosa a
= — tan| ———— || = -
sina sina 0 2sina

Oy N

1 2
x2f(x)dx = jxs dx + I(x3 —x?)dx
0

j f(x)dx = n?

n

4 -1 0 1
J.f(x)dx _ J.f(x)dx N j f(x)dx J-f(x)dx .
_2 -2 -1 0
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Definite Integration

2 3 4 1 312
jf(x)dx+J.f(x)dx N jf(x)dx _ I|xsinnx|dx . J'|xsinnx|dx
1 2 3 -1 1
=4+1+0+1+4+9=19
1 312
Q5 @) =92 lesinnxldx + jlxsinnxldx
0 1
T
| = J.|1+Zcosx|dx 1 3/2
0 =2 Ixsinnxdx— jxsinnx dx
2r/3 n 0 1
- J-(1+ 2cosx)dx _ J.(1+ 2cosx)dx | X COS X sinmx
0 21/3 J.XCOSTCX X = — . + nz
= (x+2secx) ™3 - (x +2secx) 5./ L
1
p jxsin nxdx = -
= E + 2\/§ 0
3/2 11
Q6 (O Ixsinnx dx = —= _ =
n  m
3 1
= [Ux=21+xDax 2.2 1 s
- - T Tl:2 T - nz
2 3 0 k=3r+1
_ J-|x—2|+dx . J.|x—2|+dx N J.(—l)dx N
] > el Q9 @
1 2 3 * xsin x i
_ 2
IO.dX+J.1.dX+.[2.dX | = Icos3xd = J-xtanxsec X dx
0 0
0 1 2
14
? : tan?x|" tan® x
=J.(Z—X)dx+J-(x—2)dx—1+0+1+2 =X 5 —j 5 dx
-1 2 0
2 3 1
ﬁ x2 — 2x = g -5 I(seczx—l)dx
=X-5| +7 5 | +2=7
-1 2
s 1 n/4 s 1
=8 "2 [tanx—x]o =73
Q.7 €
1
[Xe (29, [xt@0 ] Q10 (@
I=1J1" = 2 4 |, log x
| = — & dx
_f@ f2  f© _ 5 3 1 _ |ogn|og21—cos[2exj
= - + = — -+ =2 3
2 4 4 2 4
eX
Q8 (1) Put 3 - t = e dx = 3dt
3/2 /3 /3
. dt T dt
xsinmx | dx _ j__g J‘ 3 J‘ 2
.[l ] =3 1-cos2t ™5 in2+ 2 cosec tdt
-1 nl6 4 Sin7t
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Definite Integration

3 a_ 3L f =Owheren= ——,n=123, ..
= -5 lcott]z =—EL/§ ‘E} =43 ) T
=1 else where
Q11 (1) 2
Find:J.f(x)dx =2x1=2
e? 2
dx ed 0
=)o = 5
e 1 1’
Put /x=t = x=¢€ = dx=¢dt
% el 0 i
_|=adt - X= 1ox=2
Iy = .[ x =
.16 4
Q12 @ Q @
mi2 J-e‘xzdx _n
I£n|tanx+cotx|dx 0 T
0
2 2
n/2 n/2 nl/2 e—ax dx _
= _[ én( _2 jdx: ‘[Ende— I n(sin2x)dx J‘ Put Jax =t
0 sin2x 5 5 0
dt 1 F —t2 \/§ 1 T
- — - = e - ——_-= |
Q13 @ dx_\/g_a'([ =%% "2 \a
n 1/3
[EJ Q17 (2
I = Ixssinx?’dx 1
0 jetdt
A=)14t
X°=t= xdx = —
3
/2 I J- ~t " :T et it
1 i 1 = = - -
| = 3 Itsmtdt =3 [t cost+jcostdt] a_1t—a—1 a_11+a t
0 Puta-t=1z
1 _ 1 dt = —dz
= §[—t cost + sint]}’? = 3 .
ez e’.dz
14 2 - | — _ _
Q @ - 1+z ==JT1yz =-Ae?
|- j[ze-x]dx Q.18 (3)
0 2
Let 26 =t = [©A1-00%)ox
—dt !
—2eXdx = dt dx = —
e dx = o= — 5 A , ,
, , . , - J.l.dx+ IZ.dx+I3.dx_ jl.dx
dt 0 1
=_ I[t] dt _ J-[t]T = J-Tdt+ J-;dt: /m2 ! V2 3 !
2 b o o 1 = (V2-D+243 - 2)+32-43)-1
=J2 —1+2J3 -2/ +6-3J3 -1
015 @ 2 J3 -22 V3
4= -3
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Definite Integration

Q.19

Q.20

Q.21

Q.22

88

(2)

T T
| = J.f(x)sinxdx n J-f”(x)sinxdx

0 0
Q.23

T
= —cosx + f(x) |y" + J.f’(x)cosx dx + sinx ()"
0

- J.cosf’(x)dx
0

| = f(x) + f(0)

5=1(x) +f(0)

5=2+1(0)

f(0)=3

@

Q.24

seclx = = =
2

N a

seclx = I
4

seclx =

r
2
3n
7 Q.25

3n

X =Sec —
4

x=-J2
(3

nl2 . nl2, .
_ [ (sinx+cos x)2 _ [ (sinx+cos x)2
- o Isinx+cosx| - o (sinx+cosx)

2 Q.26

- I(sinx+cosx)dx [sinx — cos X],™2 = 1 + 1= 2
0

(3)

b
Let 1, = j £ g00dx [given -4 f(x) = g(x)1]
] dx
b
= L= [f(x)J.g(x)de - J‘[%f(x)j g(x)dxjdx

b
= [0l - [feoge0dx = 21, = [y - (1@

_ [fO)? - [f)?
! 2

(2)
I=I5[|x—3|]dx
1

= [ Uxi1dx =2] %11 dx
-2 0

-— 2 -— -—
_2JO [x]dx =2[1] = 2

@

° 2
I(X—|ng a) dx = 2 Iogz(gj
1

2
=2log, [gj

2
2-2log,a=2log, a

2 2

X
7—(Iog2 a)x

a

2-2log,a=2log,2-2log, a
1=1
a> 0 because of log properties.

@
bc X
1
=1 If(gjdx
C ac
X dx b
Put — =t= —— =di= {f(t)dt

(3)

dx n
maVe* -1 6

Put et — 1 =t2
e dx = 2t dt

2t dt

) X




Q.27

Q.28

Q.29

-1 =43
e«-1=3
e&=4=x=/n4
@
3
Jfe0dx Z5x (343 =30
-3
5
-3 3
(1)
5 2,3
25-x
- e
5/2
Put x =5sind
= dx = 5 cosO do
n/2 n/2

- Icot“@ do — jcotze (cosecze—l) do

n/6 n/6

J.cotz 9cosec?0d — J.cotz 0 do

t2 30 w2
co
= 3 — Icosec29+6
n/6
3
cot” 0
= - + cot0+0]"/2
(/3)®

Y T T
T2 773 B3 -%5°3

(2
1

Joax Zo(a s+ =2
-1

(1 WL lj (E lj [lxlxlj
02%2%4)*\27a)* (272" a)1 = 3

Definite Integration

(3)

2
mf( ][f(X) f(—x)]
| = dx

2
e f( J[g(x)+g(—x)]

odd function by P -5

=0
@
3+log3
o] = J' log (4 +Xx)
log(4 + x) +log (9 —x)
2-log3
using king
replace x by 5 — x
3+log3
_ log (9-x)
2-i0g3 log(9 - x) + log (4 + x)
3+log3
2 = j dx = = = +log 3
2
2-log3
)
3n
I, = J.f(cos2 x)dx ; periodism
0

Y
-3 Jf(cosz X)dx

0
Il_=_3l3
Similalry I, =2l
I, + 15 3l
L +13=1,
©)
11
11 _k

11 11X f‘ 11X
I= glﬂx]dx 17X}

0
k =110

T . 1 110
= [1109ax = 11 [EE: dx=io517 00T =
0

log11
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Definite Integration

Q.34

Q.35

Q.36

Q.37

90

(4)
e
f(X) = X2 f X
coseco coseco 1 1
jf(x)dx _ j —f(—jdx
x% X
sin@ sin@
1
— =t = - idx =dt
X X2
sin® coseco
[t =- [t
cosecH sin®

21=0 = 1=0

@
f(x) =f(a—x)

g(x) +g(@a-x)=2

| - jf(x) g(x) dx — Jf(a—x)g(a—x)dx
| = J.f(x) 2-g(x) dx = 2 jf(x)dx .y
0 0

a a

2l = 2If(x)dx = Izjf(x)dx
0

(3

<]
= [— X1 4
{ (1P 1]

1J9 [x —14]
= lx—1471+ ] =
10
= jl.dx = 1=3
4
(2)
100 / 4
= f(r—1+x)d
I ;UO (r-1+x) XJ

1 1
_ jo f(x) dx +IO f(1 +x)dx +

Q.38

Q.39

1 1
jo F(2 4+ X)dX + oot jo £(99 + x) dx

_ 1 2 3 100
= jo f(x)c|x+j1 f(x)dx+_[2 f(x)dx+....+I99 f(x) dx

100

= [ f0dx =124
0

()

n/2

IO sin[2x]dx  2x=t
2dx = dt

dt
dx= ?

l t] dt
> sin[t]

U; sin0 dtJrJ.l2 sin 1dt +J.23 sin 2dt +J.3n sin 3dt}

Nl N|- —

[sn1+sn2+ (r—23) sin3

@)

/2

/2
| x| dx “I | x| dx

I = J. 2 = 8c0s2 % 41
780087 2x+1 o 8cos”2x+1

X dx
=2 j
8cosZ2x +1

nl2 [g—x]dx
=2 J‘ —_—

o 8cos?2x +1

I dx
A=m 5 8c0s?2x +1

Put2x =t= dX=ﬂ

2
T
ol = EI dt
T2 080052t+1
12
HJ' —dt
2l =¢ 2
n/28cos t+1

sec?t dt
n J‘ 3 1 n/2 _
= — = — an~t tant =
29 a+tant 2 [3jt lo

Tl:2



Q.40

Q.41

Q.42

Q.43
Q.44

Q.45

(1)

= Ixf(smx)dx I(n x)f(sinx) dx
0

/2
= x J.f(sinx)dx
0

@
2nm 2nmpy . a
. SInX
| = J.|S|nxlsec - I [T}
0 0 dx
2nn

_ J.|sinx|dX -1<sinx<1
0

U
i 1 sinx 1
=9 I|S|nx|dx__£ < =
n 2 2

0 2
=2n(2) =4n
@
/3 nl4 /3
If(x)dx -0 Itanxdx+ Icotx dx

nl4

= nsecx|3/* + msecx |3
=/nJy +mn-— V3 —/n : my3
2 5 J2 °

@
@
@
1
f(x) = f(x) + f (;)

logt
f00) = f Tt

1 l./[Xlogt
(2)- T
X 2 1+t

N
T4

du
= dt=-"7%

Q.46

Q.47

Definite Integration

Uén—l X
J‘ 4 d_u J~ /n4d
= w2 1u(1+u)du

/nt /n“t
o= [ o 2

_ X ne _ 1
f(x) = 2 >
(2)
f(a+b—-x) =f(x)
| = Ixf(x)dx
King
b

| = I(a+b—x)+(a+ b — x) dx

a

b
| = J.(a+b—x)f(n) dx

b
20 = (a+b) [f(x)dx

)
fl
SR =) = f((::)) =1
1::((:(()) dx = J dX = /nf(x)=x+

f(x) = & *C...()

f0)=1 = €=1 = c=0
Now f(x) = e

f(x) + g(x) =x%2 = g(x) = x%—¢

1 1
_ _ X 2
I_L) f(x) g(x) dx_jo eX {x
e 3
_E— —_—
2 2

C

—e*}dx
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Definite Integration

Q.48 (4)
/12
HI dx
| = 3
0 1+tan” x
Applying King
/12
K dx
| = 3
0 1+ cot” x
Add
n/2
2= [
0
T
| = —
4
Q.49 (1)
2 X x2 +1
-1 -1
_ tan + tan
I j[ 1+ x2 X ]dx
. X x2 +1
-1 -1
_ tan + tan
I= j[ 1+ x2 X ]dx

Q.50 (3)

J‘ X
= 7 dx
“j1+eX

King Replace X — — X

1
x4
I = 7 Ox
S1l+e

1 4 x’
x*(1+e” )

2 = J.—X7dX
Y (+e™)

g
5

92

Q51 (3)

1. 2 1. 1 2
sinx + X sinx + x2 X" dx
| = 3 dx = + 3
, 371X 3| x| 31X
_ el i _
Oasodd
Function

Q52 (4

3
r
o o )
_ lim n
n—ow r 4
r=1 1_,’_[}
n

1 avqg 1
= — 1 = —
4En(+x)|0 4fn2

Q53 (2
3n
li n
nﬂ']oo Z 2 2

r=ons1 I 7N

3n
lim

3
dx 1 x-1® 3

1l
—
x
N
'_\

I
N |
[
S
>
+
=

Q54

1/n
2 2
L = lim (1+i2j 1+2—2 1+n—2
h—w n h h

L = lim 1 anﬂn{l+(%)2]

N—w0 n =1



Q.55

Q.56

Q.57

Q.58

1
— J.En(1+ xz)dx

0

=x/n (1+x) —2x+ 2tan x5

P 2
mL=/m2-2+—- = L=—75 &?
2 e
Q.59
@
1
n 2
. 1(r r 2,2
lim Z—(—jsecz [_j - J-xsec x“ dx
e N n 0
Put x? = t
1
_dt 1 fsec?t_1 _
xdx—2—2£ —2[tant]o— tan 1
€ 60
; L I 1 ©
I = nlinoo Z—Sin— = 1 IsinnXdX:n
“~n n !
1
COS TIX
[— } =[-cosn+1] =2
T Jo
@
X
2
f(X) =1+ x+ J.(En t+2fnt)dt
1
f'(X) = 1+ /n?x + 2/nx
f'(x)=0
(x +1)2=0 = x=¢etl Q.61
f(ej =1+ =+ Jl'[fn t+(T€ntHdt
T
f(t) f'(t)
1 2
=1+ = +t gnzt&/e =1+ = =1+2¢!
e e
) Q.62
f(x) = 9
](- tdt
909 = 1+t4
2
g(x) = 1 x4

Definite Integration

2
9(2)—ﬁ

f(x) = 9™ . g'(x)
f(2) = 909 . g'(2)

_o0 2 _2
- 17 =~ 17
(@h)
f(x)
I at3
lim _6
X—2 X—2 dt

Apply L'Hospital

lim 4F3(x).F(x)
X—2 1

1
3 1 = 3 x — =
4f3(2) . fH(2) =4 %6 ><48 18
@

x+h

X X
J' /ntdt + J.énztdx —J' /n2tdt
X a

1= Limit 2
h—0 h

x+h

/n?tdx

_ Limit
= 1= hs0 XT

Using L hospital we get

I = Limit /n?(x +h) = /n?x
h—0

&)
x? x2
sec? tdt sec? tdt
L= lim o - lim O
x—0 X Sinx x—0 X2
2,2
_ lim seccx“.2x _ _
- X—)OT —%CZ(O)—].
@
13 ginyd 13x2 ginyd
;esmx dx _ 3 eSI[']X dX
X
1 1
x3=t
64esint
3x2 dx = dt :j —dt = £ P4 = 1(64) ~ f()

1
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Definite Integration

Q.63 (B)
X2 X2
J-costz dt cot? dt
—lm 0 _Ilm o
x—0 Xsinx x—0 X2

_ lim cosx*.2x 1
x—0 2%

Q64

’ xzsint
J.cost2 dt = .[Tdt
a

a

differentiating both sides w.r.t x we get

2

y X .
t
ijcottzdtzi Iﬂdt
dx . dx 4 t

RHS = sin[x?] dx? o sinx?
- X2 dx X2

L.H.S. = -

y . 5
Ucostz dt} j—yzc()s yzﬂ:d_y: 2sinx

" X dx = dx xcosy2
Q65 (2
2 dx 2
|, = =/ (X + \/X2 + 1) =
1 L V1+x? n 1
2+\/§
1+\/§
_ [?dx
2= 1 X
=/{n?2
l,>1,
Q66 (1
| = Iczx +CX+Cqg - C2X L+cox
0 3 0
_C G
= ? + ? + CO
=0 than definately one root will liein (0, 1)

94

JEE-ADVANCED
OBJECTIVE QUESTIONS

Q1 A)

| = [reodx
1
2 3 4

| = Il.f’(x)dx + jz.f'(x)dx + J‘3.f’(x)dx +o
1 2 3

a
+ j [a].f/(x)dx
[2]
=[f(2) - f(D] + 2 {f(3) — f(2)} + 3 (f(4) —(9))
+ .. +[d (@ —fla]
(1) = £(2) = f(3) = f(4) ... f(3) + [d] + (8)
[a] f(@) —{f(1) + f(2) + f(3) ... — f [al}

Q2 O
3 ®
nl4
= [sin(x=Dpax(e-[x)
0
0<x< %
X=0

3 5
_ J'[s—x]dx +j[x—3]dx
1 3

XxX—-3=4
dx = du

3—-x=t
dx = —dt

0 2
_ J.[t]dt N J.[u]du
2 2

2 1 2 1
= J[t]dt =2 [J.O.dt+ J.O.dt] =175
0 0 0

Q4 (©

1
J‘exdx
=) 1ex )
1 2
- X“dx dx
2 OeX (2_X3)
Put x3 =t



Q5

Q.6

1 dt
dt 1
2y = — — =
x4 dx 3 3 -([et(2—5)

1-t=z
dt =—-dz
-2 I 3 =
e(l‘z)(1+ z) " 3 0e(l‘z)(1+ )
1
5= 3e ly Q.7
Iy
I, = 3e
B) 08
O<x< I
2
1/2
| jcotx d (cosx)
U2
T
3
CoS X
5 I sinxdx 3
== sinx = — [sinX]z;2
a4
Q.9

_ {_3_1}_ {ﬁ—ﬁJ_ﬁ—ﬁ
b =

©
nl/3
J.[\/g tanx] dx
0
J3 tanx =t
/3 sec?x dx = dt
. dt dt V3dt
X = Y __ a5 = =
V3(1+tan?x) 5 1+f 2 +3 Q.10
3
V3dt
'tz +

1 2 3
_ J~0.dt J- dt J' dt
=3 0t2+3 * 3 1t2+3+2\/§0t2+3

Definite Integration

3

+ 2 tan? T

2 2

ol — _ T 1 _ 1
= tan 3 6+2tan 3 —2tan \/5

= 3 —tan! \/— — tan? \/—

(A)
2y
- [{dax - {x}dx _ xdx:_
= I [ f X f >
D)
1 1
| = J‘e2x—[2x]d(x_[x]) — Ie[ZX]dX
0 0
dt
Put2x=t=dx = >
2 1 1
_1 je{t}dtz Je{t}dt _ J‘etdtz o 1
0 0
)
nl3
| = jcosecx d(sinx)
nl4

sin?

sintn/3

= _[COthX = /n sin x Znsmxl inln/a

1T
sints

= msin SN2 |_ngn |sin S
3 4

—n/2

= J {(x+m)*+cos?(x +3n)} dx
-3n/2

Putx+x=t = dx=dt

/2

J.(t3 +cos? t)dt

-n/2
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Definite Integration

Q.11

Q.12

Q.13

Q.14

Q.15

96

(A)
e? e @

f@ + f(—a) = + =1
@ + =) 1+e? 1+e2

f(a)
= [xax@-xdx

f(-a)
Apply king

f(a)
= [@-x8{a-xxdx
f(-a)

f(a)
2, = [otx@-xpx
f(-a)
21, =1,
I
Iy

(B)
(©

=2

1
| = Ix(l— x)"dx

Alitar
Use king properly
Put 1-x=t

dx = —dt

0 1
_ j @-x)t"dt _ j(l— )t"dt
1 0

1 1
_I(t”_t“”)dt_t”*l_tn+2 _t 1
" “n+l NH2[) T n+l n+2
©

In first integral replace t by ‘1/t’

(A)

n/4 x
e 2
o™ sec” x dx
e ¥
EvenFunction
oddfn.

0Odd function

Q.16

Q.17

©
efXsinx , —2<x<2
f) = 2 , otherwise
3 3
| = J’f(x)dx N J.f(x)dx
) 2
2 3
= Iecosx siLnX dx + IZ.dx =2
-2 Oas 2
odd
funtion
©
| = ﬂx{h cos(%xﬂ + 1} dx
—-2x<x<1

X
O<1+cos7<1

X
1+cos— | =

-1 0
J.l.dx N j [x + 1jdx
2 A
s TIX X
-_— < — < < —
2 <2 <0 0<3

TIX
1<c037+ 1<2

=1+0+1=2

<

1
N J'[x +1dx
0

N3

X
1<oos7+1<2



Q.19

Q.20

1>cos£x>0
2

1<1+cosgx>0

[1+cosgx] =1

1 2

- J.x3dx + Ix3(0)dx =

©

lim

N Z\/'(3\/F+4\/_)

S Jnidn
im 2

Jn {“ 3\[1 J

j dx
o Vx(4+3Vx)?
r+3 Jx =t

3
2& dx = dt

0>cos£x> 1
2

0<1+cosgx<1

T
1+ —X] =
[ cos > X]

1

Q.21

Q.22

Q.23

Definite Integration

(A)

1
J-tzf(t)dt —1-sinx

sinx

Applying Leibitz Rule

— sin?x f(sint) cost = — cost

1
f(secx)=sin2X
O R
f[ﬁj‘ 1 =3

&l

1
J t2+11tdt:1—sinx

sinx 1

1 1
=15 = fljz)=3

©
In (0, 1)
x2>x3

2X2 > 2X3

1 2 1 3

X X
J‘2 dx > J.Z dx
0 0

L>1,
©
n/2
U, = J.x”.sinxdx
0
x/2
10 _:
_ | x*".sinxdx
Up = .[
0
x/2
= _ 10 COSX|x/2+ J‘10x cosdx

97



Definite Integration

Q.24

Q.25

Q.26

Q.27

98

x/2

10 9
2 ' 2 0

x/2
8 .
=10 [x° sinx|é/2—9 9 Ix sinxdx

9
Uyy+90 Uy = 10(%)

(A)
nl/4
J‘tan2 xdx
0

1 1
I,+1, w4
J(tanz x +tan? xX)dx

6

1
= rl4 =3
tan? x + sinZ x dx

1
I3+I5 4
1
I, + g =5 AP

(A)

| = If'(x)dx = f(z) —f(1) = 0
1

©
Use by parts.

®

) = I(tz—t+l)dt Vxe (34
0

4
Gestest = J'(t2 —t+1)dt
0

3
Least = | (P —t+D
0

4 3

aiff. = [ -t+Dat _ [ -

0 0

4
_ j(tz—t+1)dt _ &

3

JEE-ADVANCED

t+1)dt

3
t—+t
2

MCQ/COMPREHENSION/COLUMN MATCHING

Ql (A0

J. X°+2X+2 N X
L +DOC+2x+2)  (x+D)

1

1 X% +x+1

2ix+1
> dx
(X +2x+2)

(X +1)(x? +2x +

+
O

X+1
0

2)

X2 +2X +2—2X

t 1 ¢ dx h
=J. 1dx+ 5 +I
o X+ 0 X +2X+2 o(

1
IV .
x+1 O(x+1) +1

= 2[in(x + ) - ftan~(x + D}

X2 +2x+2)(x+1)

=22 —tan2 + tant 1 = %+ 2/n2 —tan~12

=2(n2 — [tan? 2 —tan? 1] = 2/n2 — cot?* 3

=T iom2-Eicott2=""12m2+cott2
4 2 4

Q.2 (A, B)
s i .
| = £y V([f(smx)dx

Queen
n/2

l=n J-f(sinx)dx
0

Q3 (A, C)

X

—d
1+ x)A+ x2) X @

1
O — 38

1 dt
Putx:Z:>dx:—t—2



Q4

Q5

00 0

2

|
— 8

o @+ X)L+ x?) -2

M+

0

— -1, |
2I_'([1+x) tan™ X |g

1
2l = —
2
T
|l = —
4
(A,B,C,D)
b
[l i
a
bX
x>0 |=I;dx
a
b
x<0 |:_J.dX =a-b
a
(A, D)

f(x) = I(cos4t+sin_lt)dt
b
T+X
= f(x + X) = I(cos4t+sin‘1t)dt
b

=f(x) + J.(cos"' t+ cos’lt)dt
b
=f(x) +f(x)

T
=f(x) + '[(0034 t+cos* t)dt
0

/2
= f(x) + % J‘(cos4t+sin4 t)dt
0

1
_t . J‘
[ J( 1J 2 0(1+t)(1+t )

Q.6

Q7

Q.8

Q9

Definite Integration

(C, D)
f(sn? x) = cos> x =1 —sin? X
ff) =1-t
t2
ft)=t— —+c
= f() 5

1 1
= = — —+C = —
1=f1)=1-+Cc =c= 7

3
X> c
fX)=4—- —+—
) 5 t3
(A, B)
X
flx) = J-(2c0523t+3sin23t)dt
0

X
= j(2+sin2 3t)dt
0

X X+

fx + m) = [(2+sin®30dt + [@+sin?3t)at

0 X
X
—f(x) + j (2+sin? 3t)dt

=f(x) +f(Xx)
/2

()= [(2+sin® 30t
0 0

I
=2f 2 f(x +m)

T
=2f 5 +f(X)

=2 j(z +sin? 3t)dt

(A, B, C)
2n
| = jsinzxdx period is 1t
0
T /2 /2
=n jsinzxdx =4 J‘sinzxdx =4 Icoszxdx
0 0
(A, B,C)
f(—x) =—1(x) (1)
f(x +2) =f(x) (2

2n 2
g(2n) = j f(t)dt = nJ.f(t)dt

0 0
= 9g(2n)=ng) (3

Now g( — x) = ]f(t)dt
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Definite Integration

Q.10

Q.11

100

put t=—-z=dt=-dz

= [t2)(-d)=~[1(-2)dz (from (1)
0 0

- jf(t)dt = g(x)
0

9(=x) = 9(x)
X+2 X+2
Again g(x + 2) = j f(t)dt + j f(t)dt
0 X

X 2
gx+2)= [Tt [0 (.. ¢, period)
0 0

= gx+2)=g(x)+9?2) ...(4
Putting x=0,2, ..

9(2 =90 +9(2 =9(0) =0

a(4) =9(2) +9(2) = 9(4) = 29(2)
putting X — [ — X we get

9(2-x) =9g(=x) +9(2) = 9(x) + 9(2)

a x=2
9(0) =29(2) = 9(2) = 0
0g0)=9g(x2)=9g(x4) =... =0
from(3)
g(2n)=0

& from (4) g(x + 2) = g(x) = prd. of g(x) is2

(A,B,C,D)

f(x) =3

{x} is perido with =1

(A)
1 ” 1 o 1
2%Wdx _ |2%dx - £ _

1

{x} 1 Nep

© [2%ax o L b
0

n2 Ine
100 1
{x) {x)
(D) IZ “dx = 100 J.Z Pdx =100 myp
0 0
(A, B)

_ 1 dx _ 1 2\—n
1 = jo T jo L+ x2)"dx

1
_ { X } _ Ll(—n)(1+x2)‘”‘12x dx

@+x*)" |,

2

1 1 X

i 2nj—
2n 0(1+X2)n+1
1 2 _

1 ZnJ 1+x° -1

T2 T @ k)t

= Zin+2n I,-2n1,,,

nl ,,=2"+@2n-1) I

n+1

L, I = % + [tan‘lx]é

Q.12

n 1
lim % Zf(%}: ! f(x) dx

lim

n—w© n

H
.
7~ N\
S| =
N
1l
O Ty N
-
~—~~
X
N
o
3

Comprehension # 1 (Q. No. 13 to 15)
Q.13 (©
Atx=1y=0

dy
—— =2Xx.xX¢-x*=2-1=1
dx

equation of tangenty —0 =1 (x — 1)
y=x-1
Q.14 (A)

F(x) = Te‘z’z (1-1) dt
1

F(x) = [ez(l— XZ)J

F(x)=€”?.0=0



Definite Integration

Q.15 (A ] ]
d . - _
D s xy — 3 (im0 : [a@do=[g(x-0)do
0 0
= 4x3 (4 n x)? — 3x2 (3 ¢n x)?
= 64x3 (¢n x)? — 27 x2 (¢n x)? n 5
_dy = 2A0)= [
lim —= =64 I|m X3 (fnx)2 =27 lim 0 1-x*cos”0
x—0"  dX x—0"
x2(/nx)2 =0 n
n 2
Comprehension # 2 (Q. No. 16 to 18) Fr(x) = I de PN '[ do
Q.16 (D) 1-x%cos? 0 o 1-x*cos’0
X% +2 1
L2 =12 =1 + proper fraction z
X< +1 o
x“+1 =2j- sec? 6 de =2.[ dt
X2 +2 o 1+tan?6-x? o tP+1-x2
o xE+1] 7
1 a1 t N b
=2 tan =
10| x“ +2 / [ } 2
Then, I { }dx__[ 1.dx =10 1-x? V1-x2 0 V1-x
= f(x)=nsntx+k
Q.17 ©
1 ]5 /nl
Josin([x]+[2x])dx - Ut 1(0) = J Gogp 40 =0 - 19 = m s x
M2 2x])d " si 2x])d -’
.[0 sin([x]+[2x])dx + J'l/zsm([x]+[ x]) dx Range of f(x) = o
L .
o0+ sin(0+1)dx = Sin1 o
/2 2 -+ range of sintx=| —, =
2 2
Q.18 ©) f(x) isdifferentiablein theinterior of itsdomain and
1 1 f ’(x) = 0 has no solution.
J._l[l x|] d(l—_l/XJ Hence f(x) has no critical points.
+e f(x) = msin? x, x e (-1, 1)
0 g 1 Applying Lagrange's theorem
= [, (1+e‘”"j =D
f'(x) = —l—(—l)
Il[x] d(;j =0+0=0
T o 1ret/x)=0%0= T n? Vn2-4
= =— = X=% e (-1, 1)
Vi-x2 2 m

Comprehension # 3 (Q. No. 19 to 21) .. There are two Lagrange's constant for f(x) in
Q.19 (D) . :
its domain.

Q0 W Q2 A0, B0 ©->® O -0

(A) 5<x<10=>0<x-5<5

Q21 (O
(19 to 21) X—5 _ {x—ﬂ _
For the integral to be defined in (0, nt), -1 <x <1 =0< <1 5 =0
n n (B) 4an1l<x<0=tan(-1) <x <0
f'(x):J;de :J.;de > -1l<tan?x<0=0<-gan'x<1
1+ xcos6 1-xcos® “[tantx] =0
O 0 ..

101



Definite Integration

Q.23

102

(C) %<x<§:>%<sinx<§

= 1<2sinx<,/3

L [2snx] =1
1 1 1 1,
(D) I= I—COt X ax = I—COt X dx
T T
,]_ 71
S |
J-n cot™x dx
Y
-1
t tcottx
=1= J.ldx—J. - dx
-1 -1
I=x|! -1
A=1-(-1)=2
(A) > QST (B)>PT (C)—RSTs
Q.24
n/2-a sin" x .
= I Thn. n_ dx .. (@)
a sin'' X + cos' X
.nl @
)2 sin [z—aj
dx

sin”[;E - aj + cos"(;E - aj

n/2-a  cos"a N
= J. . dx ... (II)
a COos o +Ssin o
Adding Egs. (i) and (ii), then

n/2-o T
2|=Ia 1dX—E—2a

%—a@&ﬂ

T sin? x

(B) 1= f dx ... 0]

-1+ X

: J-n' sin2(0—x)dx
-n 1407

~ J-n o sin? x

dx .. (ii)

-1 1+4a*
Adding Egs. (i) and (ii), then

21 = J.nﬂsin2 X dx = ZJ.gsin2 x dx

s

/2
== I:sinzx dx = ZJJ sin® x dx

2l Ty
25375 (RD
2n-a x sinZ" x
QI = dx ..
© Ioc sin?" x + cos?" x

Ibva (27 - X) sin®"(2n - x)
“Ja sin?"(2n - x) + cos?"(2n - X)

dx

~ J‘Zﬂ—a (2p - x)sin®"
o sin®x +cos® x
Adding Egs. (i) and (ii), then

dx .. (i)

21—

2|=2n'[ 1dx =2n(2n-a —a)
o

Ll=2rr-2r a (R, S T)

(A) = (a), (B) = (r), (C) — (p), (D) = (9)
/2

(A) J- /n (tanx +cotx) dx
0

nl/2
= I — /N (SiNX - COSX) dx
0
/2 /2
- j(nsinxdx _ j(n cos x dx
0 0

T
=-2 [—Efnzj =7 /n2
nl2

®1= |

o el
r{z-o)e=(5)

”J’~2 COS X —SinX
0
=0

SinX — cos x
(sinx + cos x)?

dx

(sinx + cos x)? dx = -1

2n
(© 1= [ x sin®xcos®x dx
0
2n
= [ (2rn—x) sin®xcos® x dx
0

2n
I=n j sin? xcos? x dx
0



27 27
K j 4sin’x cos®xdx= j sin® 2x dx
4 0 4 9

2
T 2n T sin4x
- _ - X —
=3 £(1 cos4x) dx = 3 4 )|,

2
s T
- 8 (27[) - T
nl2
(D) J'(Zénsinx—énZ—fn sinx —/n cosx)

0

dx
nl2
N A
0 2
NUMERICAL VALUE BASED
Q1 [6]

Notethat (x +1)3—(x—1)*=2(3x?+1)
4 3 3
1| F(x+1)" = (x-1 g
Hence I = E |:J; (X+1)3(X_1)3 X

K 4
1 dx  r dx
=2 _-!.(x—l)s -!(x+1)3]

4
1 1 B 1
T2 2x+D? 2(x-17 |,

Q2  [64
/
T2 dx = Si TE/2_1
U= J.cosx x_smx|n/6—§
nl/6

1 5
V= I (-x*)dx +'[ x2dx = %[—(l+ 27)+(125-1)]
3 1
1
= 1-28+124]=32
V=AU = r=64
Q3 [0
100 10 100
I mdx: J-mdx+ J. de:S
X X X
1 1 10
100

t ]t[—loodt

+
J 100 t?
10

o 100
j (substituting x = T)

Definite Integration

10

100 dt 19
_ fl— | = - f) .
_5+J:(tjt_5+j—dt t =10
1

Q4 [
1002 TR 7 7 1003
2005 J V1008” - x* ~1002° - x + J' 10032 — x2 dx
2005
0 1002
1
Iv1—x2dx
0
1003 1002
j 10032 — x? dx— j 10022 — x2 dx
__0 0
1
I V1-x2 dx
0
(10032 —10022 )[“j
- - 2005
E
3
Hence 22 + 52 = 29
Q5 [4
nl2 /2
1= j Jsin26 cosodo ; 1= j Jsin26 sinodo
0 0
(By property)
Letsin@ —cosO =t ; 2
1 1 1
_ I\/l—tz :2j\/1—t2 dt .q= I\/l—tz dt="=
’ 4
-1 0 0
Q6 [4
Substitute x = tan in L,
nj.4 40 nl4 de
I = NG 2
* 0 (L+tan0)® 1+tan| = -0
4
b b
If(x)dx :If(a+ b — x)dx
a a
nj~4 (1+tano)? I
- — do =1,= i
! 4
Q7 [4

1
2+t 2+t 2 1
1= et vt @yt £ el _e?
S — 0
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Definite Integration

Q8 [
° xe X
[ —= 4
Letl= :|.1(x+1)eX +1

=t= xe*dx=dt
dt
_ =-(n2
==t
Q9 [q

f(x) g(x) h(x) dx

Ol Oy

[ 100 (o0 =5 4

a

| :—% ! f(x) g(x) h(x)+% ! f(x) g(x) dx

-~ 310010
=- nk

! =0 =0
4 = -
f(X)g(x)dx=0

a

= j fx)gx) dx Q)

0

= J‘ f(a—x) g(a—x) dx

a

f(x) (~g(x)) dX ... (ii)

1
—

@+@i) 2,=0 = 1, =0
Q10 [7

T SInX
- !f(x)dx j

T—X

1= !f(n—x)dx:!

T sinx
= | ——dx i
!n—x . (i)

(i) + (i)

104

f(a—x) g(a—x) h(a—x) dx

£ sin(m—x) dx

X substituting 1 + (x + 1)

@)

Q.11

t(sinx sinx
. 2l = HT+ _X}dx
) T
T sinx dx
= I 2 Ix(n—x) (i)

T
T x
2
L
2 .
© fsinx cosx - sin 2x
= — _— dx = = -
24 x m_ 4y X(Z_X

b T sint
8 Z'). t[ tj , Wheret =2x

(iii) + (iv)

T T T f
= z ;[f(x)f(g—xjdx - _([f(x)dx

[8]
Let

/2

. (iv)

T a%+b? a*sin® x + b* cos? x

nl2/ 4 2 4 2 2,.2
:31‘4J-£a cos“ X +b”cos“ x+a“b ]dx

° a’*sin® x + b* cos? x

6 J- (a2 +b2)(a sin x +b? cos? X) dx

/2 12
8" 4 8a%h? " sec? x q
=;J~ X+ - I 4 .2 b4 2 X
° o & sin“x+b"cos"n
b2
=4+8—
a
/2 2 2 .2 2. -1
,[ sec” xdx _ 8b~ a ot a“tan " x
o tan®x+(b?/a%) na®  b? ,
=4+4=8



Q.12

Q.13

Q.14

[16]

2n
1

= | Isin(x+a)|dX \wheretana = =
! ¥

2n+o

=4 j | sin| dt (substituting x + o = 1)

a+T T
[ j f(x)dx = J' f(x)dx if f(x +T) = f(x)] 16
0

a

(25]
3n+a

L 1= | |x—a—n|sin[§)dx
—T+a

Letx—a-n=t

t+a =
_ t|sin +— |dt
L= [iusn(224)

-2n

I|t|cos(a+tjdt
2

-2n

[ tfoos 22 cos[ %5

-2n

-2n
a T
Let% =y SCOS(Ejjycosydy
0

a . T a
- 8cos| — siny + cos - —-16cos| —

a
NowI=-16= cos[Ej =l=a=4kn, kel

Hence number of valueof 'a is25.

(4
° dx h
J. 2:J.(l X2 axt = x®+x®-x0 4. )dx
01+x o

¢ ‘1 X3 X5 X7 X9

an X =X-—t—4+—......
= 3 5 7 9

r_, 1 1 11
N . 357t g

27 27
It Zcosicosl dt — 2cos a J.cos L dt
2 2 - 2 : 2

Definite Integration

Q.15 [65]
1
f(x) =x + J.t(x +1) f(O)dt . ¢(x)
0
1 1
:X+XItf(t)dt+It2f(t)dt
0 0
1 1
Lt Itf(t)dt:a& Itzf(t)dt:b
0 0
Hencef(x)=(a+1)x+b
a+1 b
©as It{(a+l)t+b}dt o=
=4a-30=2 ... Q)
& b= J.tz{(a+1)t+b}dt—a;:1 b
—8b-3a=3 ... )
fom()& @a= —  &b= —
rom (1) & (2)a= = >
1 1
6 6 _ 42
f(t)dt = — [(8t+3)dt = —.7 = —=
Sol() zsg( =55 23
=p+0g=65
KVPY
PREVIOUS YEAR'S
Q1 (B
8
[T dx=2+3+2+5+3+7=22
2
Q.2 B)
1 COSTIX
= ———dXx
1=2012 [ G g
E;aﬁm
using king property | = 2012 jwdx
= 21 =2012= | =1006
Q3 (D)




Definite Integration

Q4  (B) Q.8

N VSV ) P
fr (x)=3 3°73 =3x2—-2x -1
f(X)=x3—x2—Xx -\
f(B)=8-4-2+1=0=A==2
f(X)=x3—x2—x-2
14

jlf (X)dx =2 Jj(x2+2)dx=—2 (%Jr 2]:‘?

Q5 (A
X" t(1-x)"
= | —dx ——d
In -([n! +]JI2 n! X

Q9
1

_ (nil)! (@{%)J—%

2 12 (1/2)2
.-

n=1

+....]=2x/§—3

Q6 (D
n/2
I, = j (sinx
0

)ﬁ.sinxdx

IZ:HJ:Z(snx)

fld

n/2
Ilz((sinx)ﬁ.[sinxdx) -
0

T(ﬁ(g‘nx)ﬁ-loosx | sinxdx)

0

/2 n/2
= —(cosx(sinx)&) ++/2 j (sinx)¥2@-sin? x)dx Q.10
0
0

l, 2 (J_l)

l, 1442 (2-1) =2-\2

Q.7 D)
2012
j (sin(x)® + x° +1)dx
-2012

2012 2012 2012
- J’ Sn3)dx + j xdx + I dx = 4024
o012 2012 2012

106

o t—u

2
[x]{x} dx :T[x](x—[x])dx= Jllo.dx+ JLOx=Dax+
0 0 1
3 4 5
j 2(x - 2)dx + j 3(x —3)dx + j A(x — 4)dx
2 3 4

[(x 1)] ((x 2)} {x 3) ]3+4{(x—24)2I
4.
2

.2,3,4
2 2

lef (x)dx = j)'f (a+b—x)dx

| = JTEMdX

1+a™*
—T

add equation (A) and (B)

T X
2 = j cos2x| —* 4+ |ax
- 1+a* 1+a

| = .[cos xdx = ZKj'Zcos2 xdx

=n/2

(B)
L = ¥2012 + 32013 +....+ 33011 --ovevevvvvnnes (A)
R =¥2013+ 32014 + ...+ §3012 --veeveveven (B)

3012 y
3
| = JX (0)% Letf(X)ZX]JS
2012
_ b-a _ 3012-2012 1000
h
_a)
- [f (@) +f(a+h) +f(a+2h) + ..+ f(a+ (b-1)h]

=[f(2010) + f (2013) +.....+f(3011)]
| = (2012)¥ + (2013)"3 +........+ (3011)¥3

=2(2012)"3 + 2(2013)¥3 + ... +)2(3011)"3

= (2012)¥3 + (2012)Y3 + 2(2013)*3 + ...+ (B)



Q.U

Q.12

Q.13

(3011)¥8 + (3012)*° — (3012)%3
=(2012) + L + R —(3012)"8
21<L+R

(A)
Letr beanintegerin (-10, 10)

Now, LHL = lim [ 2dt
-10

-9 -8 r-h
; [1 [1 [1
:m“z dt+_j92 dt+...... +rLz dt}
I —10 -9 r-1eq
_m[z +2° 4.+ 27 (1= h) ]
=204 294 +21 «(A)

nmjﬂm

X—>r

~ ho0*
102 r

nm{ j 2[‘1dt+j2[‘1dt+ ...... +r]‘h2[‘]dt}

=04 204 | 4 -(B)
f()= I 2ot
o494 ()

From(A), (B) and (C)
f(x) iscontinousat all integers.

©

r]Jtl{)[()}([]ﬂdx J{ }[X]dx+J{ }[X]dx+ A+

n r+1{x}[x]
- Z j [X]

r=1 r

thl{ [x] y
[x]

n-1r+l

J' rjdx = Z .[ r(x —r)dx

r+1
n-1 X2
Do -
r=1 2 r

n-1 2 _ 2
{w_ r_l}
2

Q.14

Q.15

Q.16

Definite Integration
"1{}} _1n(n-1)
~'12] 2 2

n(n—1) > 4x 2013
( 1}2 2013x16+1
n-=| >—/—"—"=
2 4

/32209
n>
- 2
leastn=91

1
+_
2

®)

A(t) = j{(sjnt)x2 —(2cost)x +sint}dx

A(t):%m—cosusint =%sint—cost

A'(t) = Acost ———+sint

St.land 1V arefalse
Ans. (B)

= f(x)=0

1
If (x)zdx <100 not necessarily true.

because (f(x))? can take very high values then area
bounded by (f(x))?, x-axis& x =0to 1 may cross 100.

©
f(x)=x+}f (t)dt

f(x)=1+f(x)= f'(x)-f(x)=1

= e f'(x)-f(x)e* ="

d _ _
—f X — X
:>dx( (x)eX)=e
—X
f(x)e* =2
=f(x)e _1+c

= f(x)=-1+ce*
f(0)=0=-1+ce”=>c=1
f(x)zex—l

f(x)+f(y)+f(x)f (y) =€ -1+¢€ —1+(ex —1)((—:3’ —1)

107



Definite Integration

Q.17

Q.18

=g -1+ -1+ - - - +1
=efe -1=€e" -1
=f(x+y)

(A)
n/2

I, = j x" cos xdx
o !

. /2 4.
=X, sinx 3’2—_[0 nx"*sinx dx

= (E)n —O—(nx"*(-cos x)

5 g’z—j:/zn(n—l)x"’z(—cos x)dx

= (gjn —O—n(n—l)J'O"/zx”‘2 cos x dx Q.20
l, =(gjn—n(n—1)|n2
N In In—z — N (Zj _n(n 1)|n2 In—2
;[n'+(n—2)|]_; n! (n—2)!
_&[(m)' 1 n) Y1 (n)'1
Z[(zj mJ -(3)5+3)5+(3) 3+
enlz_l_(ﬁj
2
Q.21

(B)
Let | =}[x][&de

l<x<4 [&]:1
4<x<9 [\/;J:Z
9<x<16  [x]|=3

2 3 4 5 6 7 8 9 10 11
1= Idx +'f2dx + I3dx + Ide + Ilde + I12dx + Il4dx + Ilde + I27dx + 'f30dx .....
1 2 3 4 5 6 7 8 9 10

Q.19

108

[=1+2+3+8+10+12+14+16=66

Son=9

®)
Tcos(Zn[x]{x}) dx
0

1 2 3
j cos(0)dx + j cos(2n(x —1))dx + j cos(4n(x — 2))dx
0 1 2

+eeeeens + ]1 cos(2n(n—1)(x —(n -1))) dx

n-1

2 2
=(1-0)+ jcos 2mx dx +.[cos 47x dx
1 2

n-1

sin4nx 3 n

sin2n(n-1)x
+ . S —
47 ‘2

=t 2n(n-1)

Sin2nxf
+ +
2n
=1+0=1

n-1

D)

f (X) =[x] Inmnx

TN
U

Not diff for v x e R.
Not sym about x = 0.

3
jf(x)dx;to

3

£(x) = o will have o sol"

D)
£(x) = max{ [x}, K1}, ... x—2ni}

X2Nn XxX<n
f(X)=|x| X —2n|

[ ()= ['f (x)ax+ [ F (x) ax

= I0n|x —2n|dx + I:n|x|dx

:J:(Zn—x)dx+j:nx.dx

2 n 2 2n
= 2nx—x— + X
2 0 2 n

- 2 2 2
2 2
=3L+3L=3n2
2 2



Q.22

Q.23

(D)

LetP(x) =ax®+bx?+cx +d
a+b+c+d=3

d=2

—at+tb-c+d=4
2b+2d=7

2b+4=7

2b=3

b=
2

Jl'(ax3+bx2+cx+d)dx

:2(E+2j =5
2
(A)
f(x):Je’t|x—t|dt
0
f(x):Ie’t|x—t|dt+Je"(t—x)dt
0 X
fr(x)=e> (x—x)—e‘o(x—o).0+J‘e‘t (1) ot
0
+0-¢e* (x—x).1+J‘—e’t dt
= [—eft lx, +[eft ]j =-e*+1+0-¢*
fr(x)=1-2e*
dy=1-2e>dx

y=x+2e*+c
f(x) =x+2e*+c¢

£(0)=[e"tdt
0

(-] +Ietdt
=[o-e"]]

=0+1

Q.24

Q.25

Definite Integration

f(0) =1
f(0)=1=0+2e"+cC

®)
FO0)+ [ tf (t)dt+x* =0

f'(x)+xf(x)+2x=0

J‘(fLX)dx:—J‘xdx

f(x)+2)

2

(f(x)+2)= —X?+c

f(x)+2=e""+c

f(x)=keX"?-2
wherex=0,f(X) =0, k=2
f(x)=2(e*"2-1)

clearly limf(x)=-2

(A)
2 ,//
\ ///’/.// BAN Y
N N
o a b

j:(zx —4x%)dx = 2(b—a)c
(x*—x*)? =2(b-a)c

(a+b) (1- (@+b?) = 2c

(a+b) (L—(a+b)?+2ab) = 2¢

again2x —4x3=c¢c

a
4x3—2x+c=0<b
o
atb+a=0 clealya+b=a...(B)
1
ab + (a+Db) P ..(C)
2 2
sbo=— ——4(1[(12_}] D
oL = 4C— 2 ...(D)

put valueof (a+b), ab, cfromeg. (B), (C), (D) inequetion
(A) and solveit
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Definite Integration

{1_ a*+2[a’ _%]} - gafa*-}]

1—0?+20?-1=80*-4
o?=8u’-4
To? =4

Q
1l
N

Q26 (A
- f(x) isadwayspositivefor x ¢ [0, 1]

~F(x)x* = Jl‘f (x)dx <J1‘x2

<=

1
Butitisgiven | =3 which is not possible

Q.27 (D)
By Cauchy Schwarz inequality
{j:f (x)g(x)dx} < Lb(f (x))2 dx j:(g(x))z dx
Hereg (x) =1

f(x

(x)
and equality holds only when g(x)

So, f (X) isconstant

Q28 (©

NY =

y=f(x

(]

—

11
2

y=f()

0

Q29 (©
Givenintegral can bedistributed into

1743 1

.[1/2 X_2

3 2, 14
.dx+J.llﬁ3dx+J‘ﬁ X .dx—g
110

Q.30

Q.31

Q.32

©
I =J:1- | sin8x [dx

= j:(x|sin8x dx
g8
:n—_[o“(xlsin8x|)dx

8
:n—jﬂxsnSde
0

_ n_8|:—0038x:l8

8
P+(-1-¢p)=n-2
(A)
xB<x*asx € (0,1)
X X h x dx
= o hd =i

1'1[ 2xdx_1j dt  tan 'l x

:>‘]>501+x4_501+t2_ 2 8 =9I
T
8
Al 8<1 1 8<2 X >X
< + < —a - =
SO X = 1+Xx = T8 2

(A)

2 2 . 2
Pe) =)= — =f() - — =lsinx|- —

= p(x) is not one-one

PiX +7) = glx + 1) = = (x + )

X+7

= j|sint|dt—3—2
5 T

X
. 2X 2X
= [lsint]dt-===g0)-== p(x)
5 1Y T



N Definite Integration

Q.33 (A) X—2=t= dx=dt

1 1
T 43+, 42019 _ L
() = 2[tf(Ot+1 _Il(t sin’t+t +1)dt—_jldt—t]71—
0

Q.38 (O
. f(x) 1% xsin? x (n—X)SinZ"X
= f'(x)=2xf(x) = f(x) ~ I :—I — +—= dx
27\ SN’ x+cos™ X sin*" X +cos”" X
= (nf(x)=x2+cC = f(x)= Ke’ x

nJ- sin?" xdx

w20y L 2N
f0)=1 = f)=€ = f()=e o SIN™ X +C0OST X

nl2 ;20
Q.34 (B —ox T %
2 5 sin® x+cos™ x
HJ
I:I smx+sm_x dx .
° 1+ 1+€* :_.[Sln " X + cos™" de
2 ¢ sin®" X +cos”" X
nl2
1 n =«
- jsm XOX ==x—=— 2
2 2 4 _r.r_n
4
Q.35 (© =1,=1,vmn
n n
Q.39 (B)
Since, Z\/ 2in kO\/n ;
Y211 (xz—l)

; n dx
lim <limS <I|m— I
= © 2 o N 0 1 1
mrynfen 0 e yn? ! x(x+)x X+ =
X X

=1<lims <1

= lims <1 V3 1—%
= X — dx
Q.36 (B) ' (x+1j\/(x+1] -2
f (x) isanincreasing function. X X
f 1 1
0, (€| L] vxel01) Let= Let x+= =+/25ecH
X
1/n
Now, \/_J e’”xdx<x/_j f(x)e’”xdx< Je ™dx (1—%jdx =+/2secOtan6 do
X
1 1 " /2 secO tan 6d0
1-= 1-= N eseebtanvdy
= lim—=E<liml, e .\2secoV2tan 0
n—wm \/— n—w (Snl)\/ﬁ
Y
= 0<liml_<0 TN
- limt, <0
Q.37 (B)

f((x —2)*sin®(x —2) + (x —2)*° +1)dx
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Definite Integration

JEE-MAIN
PREVIOUS YEAR'S Q3 (M
Q1 (2 n-1
1= limy—"
9 2 1 2 n—>oor:0(n+r)
I = IX .e—ldx+J.X dx
-1 0 n-1
R Iiml 5 !
30 . 3 n»wnro(rj +2(r)+l
|= — Z n n
|, 3
1 1
| 1 . 1 J- dx -1
=>l=+3 =)0 N2 v a1
¥ 3 o (X + 1 x+1f
1 1
Q2 (2) o L=—+1=—
LetlimitbelL 2 2
1+£+}+...+E
2°3""n Q4 €]
. n
SoL=-e” = e (say) a2
| = J.(cotx)”x dx
Now assumen=2P+A, 1 {0,1,2,.....,2° -1} N
[1_{_1) [14_%4_}_{_}) /2
Now assume 1 + 573 + 2757677 +..+ |41 ,e J-((me)nJr(mt X)™2) dx
nl4
1 1 1
e, tot — n/2 )
S 27" +1 s -1 - j(cotx)” cosec?x dx
/4
1 1 1 cotx =t
=+ +ot =
+[sp 2 41 sp—xj‘s
0 1 n+1 [
1 1 1 1 1 =t = [t o : 1 =n11
n+
SOS<1+ | —+= |+ |+ ++2| + ' 0 0
2 4 4 4 4
1
(1 1 1) o et lee
| =+ —+ . +—
2" 2 2 Lol
(A+1)times 2747 3
A+ 1 I+ —1
= S< 1+1+1...+ <p+l 3757 4
i p
ptimes
|, +1.= 1
. +1 atleT ¢
Hencek < L'jg P > =0 5
2 = ly+l,l 411, + I aeinH.P
1 1 1 1
Also  S> (—+—+—+.....+—] =1 Q5  [633
n n n n )
ntimes 1= [[(x=2)(x+ D] +[(-x = 2)(=x + D|dx
0

o1
Hencekzrllfo‘o 5 =0 )

B = [ 1(—* =%+ 2) + (x+2) [ x-1[)dx
SoL=1 L
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Q.6

Q.7

Q.8

1 2
j(x+2)(—x+l)dx + j(x2 +X = 2)dx
0 1

8
:(—§+2+4j+

1 3 2
j(—xz—x+2)dx+ XX ox
3 2

3 3 2
439

3 2
:1—0+[_}__+2j+2+121—9

3 3 3 6 3

@

' (x)=f"(2—x)

On integrating both side f(x) = f(2—x) + ¢
putx =0

f(O)+f(2)=c= c=1+€
=>fX)+f2-x)=1+€ ... (i)

| = J%f(x)dx: [0 +f(2-x)} dx=(1+€)
0 0

©)

3 3
1= J-3dx+ [[(x - D7 y_1=t;dx=c
1

1
2
| =(6)+ J[t7Ict
0

1 2 NE)
I +I1dt+IZdt+j3dt
0 1 V2 NE

|=—6+ (ﬁ—l) +2/3-22 +6-33
I=-1-2-.3

@

Givenf(x) f"(x) - (f'(x))2=0
f

Leth (x) = %

Q.9

Q.10

Q.11

Q.12

Definite Integration

= h(x) =0 = h(x) =k
)
= 100 = = ' (x) =k f'(x)

= f(x)=kf(0) :>1:k(2):k:%
f(x)

= f2dx J.f(x)

New f(x) = % f'(x)

= 2x=In[f(x)|+C
Asf(0)=1=C=0

= 2x=Inff(x)|= f(x) =+e*
Asf0)=1=f(x)=e>*=f(1)=¢€

@
./[ coszx cos® x
T+ 3 1+ 1+3%
™2( cos® x . 3* cos® x Tcosz
o 1+ 3 1+ 3 dx= 0 X dx

1 n/2 1 1 n/2
== I (1+cos2x) gx = = [x + —sin2xj

@

WKL
n=1l n-1
=100 | € =100(e-1)
0
(2
Jisrex e
0
Heref(2a—x) =f(x)

n/2

- j (sin2x)dx
0

~ 2(_ costj“/2 )
= ) =
(1)
h 1
_ 1 (1 o\
Imvn__([x (1-x)" dx putx——y+1
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Definite Integration

0  on ©  na put x=0
y y B
Im,n - m+n (_1)dy:J. m+n dy ..... (I) n2=1+c
(y+1) < (y+1) X
oo n(f(x)+1) =€ +/n2-1
1
Similaly 'mn = I X" (1-x)" o = f(X)+1=2. &1
’ :>f(x)=2eex’1—1
2 ym 1 -
=1 =|———dy -(ii)
m,n 0(y_’_l)m+r1 Q.15 [3]
E & (i . 2 a
rom (i) & (ii) J'(—2x+2) dx j(—2x+2—x) dx + j(—2x
wym—1+yn—l a o A
2|m,n :I (y l)m+n 22
0
1 ma 1 L L X2 —2x 5’°‘+2x|2+x2—2x|§:22
m- + n-— R m- i n—
= |mn:Iy r¥+n +Iy n):Jrn dy a2+2a+4+a2_2a_(4_4):22
o (y+1) 1 (y+Y) 22 =18= a=3
3
Y I(X+[X]) dx=-3-2-1+1+2=-3
-3
1 m-1 n-1 D _m-1 n-1
=2 =J-y +r)r<+n +JZ +§+n
"o (y+)) 1 (z+1) Q.16 (2
1 ma n-1 X2
-[X2 = sinv/t dt
= I = | S ==l e i
0 ( ) X—0 0 3 x—0" 3X2
X
Q.13 (4 |- . .
F ve = xl—r(r)]* X x 5 = 5
1 nt /nt
f(e)+f| = |=|—dt+ | —dt=1,+]
() [ej -[1+t +I1+t 1772
' ' Q17 [1
e Int " [y
=|— dz PRt T fr
Iz_-1f1+tOlt put t==dt=—— E-z}gg;nf(nj
2 1
/nz dz e /nz Ezz—jén(] tanﬂjdx """
[ F ) T fn2; 4
1421\ z z(z+1) '
' z ! replacingx — 1—Xx
2 | n,
¢ F E=—— é’n(l tan—(lx)jdx
f(e)”[lj: mnt +_|.ﬂ :J.ﬂ+ﬂ .€n2£ 4
e) <1+t Jt(t+l) LI+t t(t+1)
2j‘/“(1 tan[nnxjj
/nt off 4 E="m2 - 4 4 dx
=J.—dt=J‘udu:— ==
t o 2 ]
5 l+tan—x
_—\/? +
Qi E= ﬁnZ! 1+tanEX
f'(x) = e.f (X) + & 2
f'(x) .
jf(x)+1_e :>€n(f(x)+1)=ex+c zzz-fm 2 —
E= M2y | 14tan > | O
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-2)dx =



Q.18

Q.19

Q.20

2 [ nx]]
=——1| /2 —¢n| 1 +tan—
E €n2;[[ 4 ))&

equation (i) + (ii)
E=1

[16]
fX)+ f(x+1)=2

= f(X)isperiodicwith period = 2

1= |/ (0dx= 4 [ (x)dx

- 4J () +f1+x)dx =8

Smilarlyl,=2x2=4
I, +1,=16

3
10

| = I[X] LgXI-x+l
0

1 2
I :Ide+j1-e2‘X +
0 1

I(x+bx+c)dx:1
0

1+9+c:1 =
3 2
3b+6c=4

P(2) =5
4+2b+c=5
2b+c=1
From (1) & (2)

_[Z-es‘x Fo +f9-é°‘xdx

Q.21

Q.22

Q.23

Definite Integration

b= & ¢
9b+c)=7

S
9

©O©IN

(Bovvo)
= &n®x

o(a) = (s n*X+cos*X) ... ()
6

3 cos* X

gla) = -,[ (sin® x + cos™ X) .....(ii)
1) +(2)

T

29(a)=7%

T
o) =715
Constant and even function
Dueto typing mistake it must be bonus.

[1]
/2

| = (j [x2]+[—cosx])dx

1 /2 NOA
= [odx+ [ dx+ [ (-Dydx

0 1 0
T
=\7 —l- 3 =-

=|l1=1
2
f(x)=e*sinx

Now, F(x)=If(t)dt = F'(x) =f(x)

| = I;(F’(><)+f(><))ex dx =jl (F(x)+f(x))-€ dx
- 2jf(x) e dx = 2_(1[exsinx e dx

= 2jsinx dx

- stinxdx

| = 2{1—(1—é+é+%+§ ......... j}
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Definite Integration

<l<—
12 360

e [11 331}
= ~112'360

[330 331}

€ 360 360 Ans. (2)

Q.24 (1)

Lot = J-[S|n2nx]d I[sm2nx]d

X —[x]

g%

] [sin2n
Function f(x) = T

period '1'
Therefore

J-[s N 2mx]

a® dx

dx

_ 10." [S'HETEX]

e*

ﬁz[stnx] s J-[S|n2nx]

1/2

=10 [0+ j‘ (;Xl) dx]

1/2

1
- -10 j e dx
1/2
=10 (e—l _ e—llz)
Now,

10-e1-10- eY2=qae-1+ Be2+y (given)

= a=10,3=-10,y=0
=a+B+y=0

Q.25 [1]
1, =[x (loglx|)" ax
1

o x*° °
(loglx|

—J'n(log X"

20l =e®—nl_,
201, = e® - 101,

116

isperiodic with

“

-1 E ﬁdx
X 2

Q.26

Q.27

Q.28
Q.29
Q.30
Q.31
Q.32
Q.33
Q.34

Q.35

201, =e* -9l
= 201 ,=10I,+9l,
a=10,=9
[512]
4
I=2If(x
0

J? dx { Even funtion}

2 :jl(4x 1g(4 —x)) dx

- 2[%4: —:[g(4—x)dx}

=2(256—-0) =512

3

%sf(t)g vt [0, 1]

[

. Edt ff (1) dt<j1 t (1)

o

and J.Odtsj.f(l)dtsj d .2

Adding, we get

N[

Li0<g@3 31%(3_1)

Wik W
IA

g(3)<2

@
(3)
(2)
S
(2)
(1
[16]

©)



Q.36
Q.37
Q.38
Q.39
Q.40
Q.41

Q.42

Q.43
Q.44
Q.45
Q.46
Q.47
Q.48
Q.49
Q.50
Q.51

Q.52

Q.53

(3]
@
(2
@
)
@
@
T

4se'cfx f(x)dx

lim—2
x—T 2 T
4 X' =

16

- [f(seczx).ZSecx.secxtanx]

lim=.
x4 2X
4

lim Zf(sec?x).sec?x. 2k
n X

X—=
4

'
%f(Z).(ﬁ) .%x%
=22

@

@

@

5

4

2)

(3)

2)

@

@

@

Definite Integration

JEE-ADVANCED
PREVIOUS YEAR’S

Q.1

Q.2

Q.3

(A)
Put x?=t

oo 3
XH="

/n3 )
sint dt
~1= J.sint+sin(£n6—t) - o eeeld)

mn2

b b
apply J' f(x)dx = I f(a+b - x)dx

1 T sin(/n6 —t)
=3 2 sin(n6 —t) +sint dt......(2)

adding (1) and (2)

2| = % ;r!.zl.dt

I—lﬂnE
=742

®)

nl2 n/2
J. (x2+£n(n+XD cosxdx = 2 Ixzcosxdx+0
T—X
—n/2 0

( (n( mtX jis anodd functionj

T—X

i n/2
nl/2
_2 (x2 sinx)O - J.szinxdx]
0

nl/2
=2 n——OJ—4 J.xsinxdx
0

2

/2
- 2
- 7%—4[(—xcosx)0/2 + J-cosxdx]: T _4

Comprehension #2 (Q. No.3& 4)
(B)

f(x)=(1—-x)?amx+x2:x e R

T 2(t-1)
g(x):f[ 1 —'ntj f(t)dt
1
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Definite Integration

f(0) < 0 and (1) > 0

2 _1 4 —
g = ( (:+1) _|nxj f(x) . 1 so f'(c) = 0O wherec € (0, 1)
Q6 (D)
f'(x)—-2f(x)<0
2(x—-1
let (X) = ():(+1)—|HX d
™ (e>f(x))<0
2l(x+)—-(x-2).1
¢'(x) = [x:+1) (2 ) ]_ 1 = e>f(x) isdecreasing
(x+1) X =x>1/2
4 1 erzxff(x) < eng_ei
T (x+1)? x =19 <
1 1
. Cxi2x—1 —(x—1)> —~0< If(x)dx< I(ezx_l)dx
X(x +1)2 X(X +1)2 12 12
S0 () <0 t e—1
s forx e (1,), 0 (x) <0 —~0< If(x)dx<
S gX)<0 forx e (1,) 1/2
Q4 (O Q7 (B)
f(X) +2x=(1—X)>SIM X + X2+ 2X
- fX) +2X=2(1+%) 2Zra
= (L=X)2simX + X2 +2x =2+ 2x? (n+1)a‘1(2n2a+n2 +n)
(1—x)?snx=x?—2x+1+1
=(1_X)2+1 n a 1
= (1-x)?cos’x=-1 ZZ(rj ZJ'xadx
which can never be possible N N = %
Pisnot true (1+l/n)f"‘1(2n2a+n2 +n) 2a+1
= Let H(x) = 2f(x) + 1 —2x(1 + X)
H()=2f(0)+1-0=1 2 1
H@)=2f(1)+1-4=-3 (2a+D(@a+1) 60
= s0 H(x) hasasolution
S0 Qistrue 120=(2a+1) (a+1)
a=7,-17/2 (-17/2rgject)
Q5  (ABCD)

Q8 (AC)
T e It may be discontinuousat x =aorx=b
f(x):je (t—2)(t—3)dt

0 lim g(x)=0

f(X)=1- X - (x—=2) (x-3)

+ - + x—a
2 3
max. minima
(i) x = 2isloca maxima
(i) x=3isloca minima

M g = fim j f(tydt = jf(t)dt 0

g(a) = jf(t)dt =0

(i) Itisdecreasinginx € (2, 3) Similarly at x =bwewill get continuous
2 ) ) Sog(x) iscontinuous ¥V x € R
(iV)f'(x)=e" - (x-2)+e* (x-3)+2xe* (x-2)(x

-3 0 Xx<a
2 oy — | T <x<b
=X [x =2+ x—3+2X(X—2)(x—3)] g(x) = ((>)<) axzb
(=0
F/(x)= o (26— 10x2+ 14X —5) gg;—: 2@ glgg% —:f(()b)
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Q.9

Q.10

Since f(x) co-domain is[1, «) f(a) & f(b) can never
be zero.
Henceitisnonderivableatx =a& x=h.

(ACD)

o .x[ e_[u%j olt

1/x
B x+7] 1
fog=©8 ", X e’(x*ij

f(x) = 26_(“3
X

(A) Forxe[1,0) f'(x) >0

so (A) iscorrect.

(B) Obviouswrong.

Xl . et
(C) f(x) + f(1/x) = J'e(t t) a v e( t]

1/x X

ol j e o
1/x 1/x

(C) iscorrect

(D) Sincef(x) =—f (%j

1
f(2)=-f (2_’(]

f(2)=—(2)
odd.

(D) iscorrect
ACD isanswer

(2]

Definite Integration

= —12'(:[t5dt - %(te)z =2

Alternative :

1 3] & 2\5
J.04x F(l—x) dx

d [dax-—x*°
dx dx

3x))

= d 2\4
= o (51— x)* (-

d
=-10 ax (x(1 —x2)%
=-10[(1—x?)* + x4 (1 —x?)* (—2X)]
=[-10(1—x?)*[1-x%—-8x%7
Hence Integral
= 40 j1x3(1— x2)%(1- 9x%)dx
0

Putx=sin©®

/2 3 7 1. 5 7
:_40.[0 sin® 0cos’ 0d0 + 360 J-Osm 0cos’ 0 do

2.6.4.2 N
10.8.6.4.2

=-1+3=2Ans.
(A)

4.2.6.4.2

=_40.1. ©12.10.8.6.4.2

=] cosecx)'’ dx

DA |

Put /ntanx/2=t =

2¢t
1+e?t

= Snx =

el +e

2

coseCX =

0
[=2 j (e' +e )6 dt
n(v2-1)

0
2 J' (e! +e )6 dt
—in(x/2+1)

0 a
since(€' + )™ is an even function J. :I
-a 0

(n(v2+1)

Hence 1= 2(e' +e7)'0dt
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Definite Integration

Q.12

Q.13

Q.14

120

Comprehension #3 (Q. No. 12 & 13)
(A)

'@ = .[—t 31— )2~ Ldt

1-h
= [ tfa-v* tatet? (-0 dt =0

g(a) = constant =g@=xr
1-h 1
- Lt ——t
o@= 1 | g
T dt e
- = f_2
_ 2 a1 2
= h _(t_lj L1 =]|sin -4
2 4 =
2 )

=sin (2t—1) ‘;‘“ =sini(1-2h)—sin-'(2h—-1) ==

(D)

1-h
H —-a a-1
g@=,m jt (1—1)*dt
h

1-h
o1-a)= lim JreDa-nt-2 g
h

1-h

lim | 7 1a-t)2dt
h—0"

1-h
lim j -1 1-(1-1) 2 dt
h—0" b

b b
by jf(x) dx = jf(a+b—x) dx

1-h
_ lim j(l—t)a-lt-adt
h—0* !

g(1-a)=9()
(D)
(P) Let f(x)=ax>+bx, a,beW
(asf(0)=0)
1
b
Jax +bC—— t5=1 —2a+3b=6
0
=(ab)=(30),(0,2

Number of such polynomials = 2

Q) f(x) = \/Esin(xz + %j

X2+ % =2nr + I if f(X) ismaximum

2

2= onm + —
4
forn=0,1 x2e[0,13]

2 2 2
® | SXXdXZI:”‘XZ( e xjdx
“,1+e 5 l+e” 1+e

{ I f(x)dx = j (f0)+ f(—x))dx}

-a 0

X
I3x o, dx = J-3x2dx x‘ =8
1+e* 1+e*

1/2
©) I cOS2X /n(i”jdx =0
-1/2 X

(asitisan odd function)
HenceP—»2,Q—>3,R—>1,S—4.(D)Ans.

[0

x[x*] X[x“]
2+[x+1 3 + [x]
= o dx + dx + d
+3-1 3+0 3+
> V2
X _2-1
—4{2:'1 =8 ~2 4a4-1=0

[9]
1

o= Iegx+3tan’1x_ 12"‘9;(2 dx
5 1+x

1
9x+3tan~t x)

3@:[6
0

94—E

Saqg=¢€e 4 -1

3n
:>€I’l(1+0c):9+7



Q.17

Q.18

Aliter :

1
J‘ (9x+3tan"tx) 12 +9x2 d
a=|© o2 |9
5 1+x
9x

Let9x + 3tanix =t

1+ X + X

12 +9x°
:£9+ 3 zjdxzdt j(lJr—;(]dX:dt

9+3n/4 . (\9+37/4
= edtz(e )0 = ea _ 1

0

Now log |l + o] — 3n/4 = log €39 —3n/4 = 9

(7]

FX) = If(t)dt - j f(t)dt
-1 1

X X

G(x)= J; tif(F(t))ldtt = J; tif(F(t)) It
Iimm
x—1 G(X)

f) 1

L' hospitals )I(iTlx | f(f(X))l 14

1
2 1

(A.B)
f(x) = (7tan®x — 3tan?x).sec?x

f(x) dx = i(ne _ 3t2)dt =(t'-1)1=0
0

O'-—rb\?-l

g

£(7t° _3t2) tan 't
j(

I pa

4
Now J.xf(x)dx =
0 0

- (tan’l (¢’ —t3))z —Jl'(ﬂ 8 ).1 1t2 dt
) +

Definite Integration

2
01+t 0
R
T4 6 12
Q.19 D)

f/ _ﬂ f(lj _0
(X)_2+sin4(nx) vxeRitZ) =

1
Now 64x3 < f'(x) < 96x° Vxe {51}

3 1
S0 16x'—L <f(x) < 24x*—— Vxe [?1}

1
163 1 fromx<2t 2 3 26
53272 7 g 538274 7 10 ©
78
J‘Zf(x)dxsz hence (D)

1
78
(A) isincorrect as sz(x)dx < 20

h 26
(B) isincorrect as ﬁfzf(X)dX >0

1
(C) isincorrect as If(x)dx >0
2

020 (AQ)
e (sineat+cos4at)dt+ Te‘ (sin6at+cos4at)dt+

T

O t—3a

3]Ile‘(sineat+<:os“at)dt+ T(sinBchos“at)dt

2n 3n
™

=(1+ e + e + &) J.et(sin6 at+cos’ at)dt
0

ly e'™ -1
=7 =l+e+er+er=
I e" -1
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Definite Integration

Comprehension #4 (Q. No. 21 & 22) Q.24 (A
Q.21 (ABC) x 2

f'(x) = xf'(x) +f(x) |:J'5” X COSX dx

= /(1) = (1) +f(1) =f'(1) <0 -2 1+¢€”

= (A)

f(2) = 2f(2) <0 (5 X’ cosx

— (B) Now, | _L% Lo~ dx

forx e (1, 3) f'(x) =xf'(x) +f(x) <0

=(0) T2 x z

2l i[i%dx{[%, x* cosxdx

Q.22 (CD) 2 1re =

3 3 z

[xereoax = a0 = peroof - [axr(dx = =21 =2 2 x* cosxdx

40 . .

’g - 2.7
= [xzf '(x)—sz(x)I - 3(-12) = 40 =1 =( X" sinX—2x(-cosx) +2(-sinx) )0 = 2

= 9f'(3) — 9F(3) — f'(1) + f(1) = 4
= 9f'(3) +36-f(1) +0=4 Q25 (B,O
- of'(3) = f(1) +32=0 = (C)

3 3 n ool X X 1) x 1 x 1)/
- [Pz -ao= [XFQ[-[2F(c e () 2e D)2t (248)
1 1 n—w ) n(xz J X2 1] (Xz 1]
n n°- 2 n°- n

3 3
— 36— zjf(x)dx =12 = J.f(x)dx -1
1 1

. 2
Q.23 [:1>](D) |nf(x):§m|n 1 \(25¢ 1)3x 1) (né 1
| e
2
f'(x)= >0
( ) 1+X4
= f (x) ismonatonically increasing N §+1 « N X+E
=ZlimYIn| L |=Z1imYIn
nn%wz rx* nn»oz x> r
[t v 'y
Now, f (0) =0 & f (1) = 1—40"
o1+t
1
1 X+—- 1 1
Hy=2x-1 =x(In t1 dt=x[In(xt+1)dt—x[In(x’t* +1)dt
o | txP4+= 0 0
Jy—f@o t
e
Let tx=u :dt:%
X2 1 tz 1 X XX
- S 0< | ——dt < |2dt
: O<1+ N <1, J;1+t4 .([ =In f(x):jln(1+u)du—jln(l+u2)du
0 0
1 t2
:0<Imdt<1 :>f'(x)_|n 1+x
0 f () 1+ x°

Hence, eq" has one solution in (O, 1].
Ans-1
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=In(gj<0:>f'(2)<0

ﬂzln[—J IXCINEE)
f3 \5) (@ @

ICI IS N C
Now,f(x) >0in(0,1) and ) <0in(1, )

= f'(xX)>0in(0,1) and f'(x)<0in(l,0)
= f (x)isM.1.in(0,1) and f (x) isM.D.in(1,»)

s o 23

Q26 [2]

x

g(x)=f [%j cosec[%j —f (x) cosecx

g(x) =3—f(x) cosecx

Q.27 (BD)

Et  k+l
! >kz_;'([(k+ p+1) ‘
I >Z(k+1)((k+ ;+1)J

1

| >Z(k+1)(k—+1—mj

Q.28

Q.29

Definite Integration

1 _®

ki k+1
x+1

2o,

k+1
(k+l) (wleastvalueof x + 1isk +

k+1 -
X(x+1) X
1)

k+1 1
<_
X(x+1) X

08 k+1

:>I<ZJ

k=1 k

98
= | <Z€n(k+l)—€nk = | < /n99

k=1

(BONUS)
sin2x
_ -1
g(x) = me sin*(t)dt
g'(x) = sin™? (sin2x) . cos2x.2 — sin™ (sinx) .cosx
= 2c082X . sint (sin2x) — cosx . sin! (sinx)

g (—%) = 2cos(—x)sin™*(sin(-))

T . 1, AN
—cos(—Ej.sm (sm(—aj)_o

9 (%) = 2cos(x)sin*(sin(r))

T\ agan TN
—cos(Ej.sm (sm(;))—o

(1
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Definite Integration

1& r
logy =— > (n| 1+—
v g
. w1 r
_ limlogy, = I|m2—£n(1+—j
= 2ot N n
1
:IogL:IEn(1+x)dx
0

4

=logL =log—
e

Q.30

(1+ \/§)dx
(1+ x)zl(l_x)

(1+x)

o t—

61%
6
=-2

Put 14~ :>(1+x)2

~ Y3 (l+ \/Z_%)dt —(1+ \/1_3) _ol”

- _[ o4 = 2

1-x dt

(-2

Q.31  [400]

2l =

2 nl4 1 1
(1+e™)(2- cost) (1+e®
(using ng sRule)

nl4 dX

-n/4

2 ™" sec? dxdx

=1=7 J.2-cos2x w1 1+3tan’x
[tan‘l(ftanx)] 2
f YR

4
2 — —_ _
= 271 27><27 4
124

)(2—cost)} dx

Q.32

Q.33

(1.2)

lim

x>® nws(zn: 1

= (an+r)?

30

— lim

X—>0 1 i 1 =54
nl < (a+r/n)?
1
_[xl“‘dx 3
0o 4
= Jl' 1 >4 = 1
s (a+x)? a(a+1)

—a@at+l)=72 a&+a-72=0=a=-9,8

[0.50]

n/2

3\/cos
-0 (\/cose +M)

3Vsino
» (Voost + Vsec0)

nl2

do

nl2

do

J' 3do
2l = 0 (\/ﬁ+@)4

/2

sec? 0do

=39 (1+\/tan6)4
Letl+ {/tan® =t

sec’ 0
2Jtang P&

Sec?006 = 2 (t ~L)ct
J’Z(t 1)dt OO

._\v._.

11
__+_
2 3

!



Q.34 (ABD)
(A) COSX =1-—+——....

3 X5

SINX=X——+——....
31 5

2
X

COSX =21——
2

1 1 2

J'xcosx zjx(l—x—le_l
0 0 2 2 8
A 3

chosx >=(True)

0 8

3
® sinxzx—%

1 1 3
Xsinx > | X x—X— dx
6

0 0

1 1
J‘xsinle—izj‘xsinxdx 2§ (True)
5 3 30 8

1 1 XS
2 o 2
(D) !x smxdxz!x EX_EJdX

1
xzsinxdle—i
) 4 36

h 2
x?sinxdx > =
_([ 9 (True)

© cosx<1
X2C0OSX <X?

1 1
szcosxdx<jx2dx
0 0

i 1
J'xzcosxdx <=

5 3
Sooption‘C' isincorrect.

Q.35 [4.00]
F(x)=[f(t)dt
0
=F(x)=f(x)

Ot—a

f'(x).cosxdx +IF(x)cos(x)dx =2
0

= | f'(x).cosxdx(Let)

Il

O ey 3

Using by parts

(1)

Q.36

Definite Integration

l, = (cosx.f(x)), +_7|Esinx.f (x)dx

|, =6 f (0)+]T'sinx.F’(x)dx

1,=6-f(0)+1, O (2
I, :]Esinx.F'(x).dx

Usin; by part we get

1, =(sinxF(x)); —JZcosx.F(x)dx
I, = —Tcosx.F(x)dx

(2=1,=6-1(0) —jfcosx.F(x)dx

() =1=6-f(0)=2=f(0)=4

(A,B,0)
(A) Let g(x)=f(x)~3c0s3x

Now | 9(x)dx= [ f(x)dx -3 cos3xdx =0
0 0

0

TC
hence g(x)=0 has aroot in (0’3)

(B) Let h(x)=f(x)—3s n3x+g

n/3 n/3

n/3
Now '([h(x)dx= J; f(x)dx—3£sin3xdx+

[ (t)dt
0
1-¢° X

4
T Apply:L 'Hopita 'sRule

nl/3 6
.([;dx

=0-2+2=0

wla

Hence h(x) =0 hasaroot in (0-

xj f(t)dt o
(

lim—2 =lim
(C) x—0 1_e><2 x—0

tim ) _ g
x->0 1
(sinx)[ £ (t)dt
©) jim—=2
X—0 X

S 11D¢
ZL'LQ(TJ —— im0y
x->0 ]
%,_/

%,—J
1 Apply L 'HopitalsRule
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Definite Integration

Q.37 [200]

3z 38 38 3
= | f(X)dx= | sin?xdx = | sin®| =+=—=—x
S=[f®
8 8 o8 8 8

31/8
dx = j cos? xdx
/8

3n/8

2S = Sin2X+coszxdx:__£:£
3 n’[g ( ) 8 8 4
- 16§ .
T
Q.38 [150]
T—4X Ax—T1t
/2

/8 n/4  3n/8
_ 3n/8 _ 38 )
S, = _[m f(x)g, (x)dx = _[m sin’x | 4x — x| dx
_ 31(/8f d _ 3n/8 Py 4 d
= ["109g,(0)dx = [ sin®x | 4x 7 | dx
3m/8
:j/s (cos’x) | m—4x | dx

3n/8 .2 2 308
=28 = [ 14X 7| (sin’x +cos™)dx = [ 7] 4x — | dx
T T

1 T
=2X_X—X—=—
2 2 16
= 48252 ><§ =15
b 2
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Area Under Curve

(| EXERCISES

ELEMENTRY
Q1 (¥
Givencurve y=logx and x =1, x =2
2 2
Hence required area = L'OQXdX = (xlogx - x){ =
2log2-1=(log4—-1) sq. unit.
Q2 (3

Required area = ij dy = J‘:g dy

2,824
31y Ii=

|\>I|—\

3 sg. unit.

Q3 (9

14
Required area = I:(SiﬂZX + cos2x)dx

~ {_ COS2X sinZXTI4
2 2 |,
1

T . T .
=—|—-c0S—+3SN—+c0s0—-sn0|=1s0. yni
2{ 5 5 } SO unit.

Q4 (4

4
3x+4)%?
3.(3/2)

4
Area = -[o V3X +4dx =

Y

y=43x+4

B

a

11
x 56 = ?3:] unit.

Q5 (4

9
Shaded area A = 2]4 Jaaxdx

Q.6

Q.7

Q.8

| \yz =4ax

(2)
Required area = area of OABC — area of OBC

y=4

3/2 3

312 16 64
—16x4— j Jxdx = 64— =

(1)

required areais 1

(1)

2
Areaof smaller part = ZL 4-x2 dx

(0,0) 42&0)_) X

Il
N
1
N
>
+
N
(7))
5
AN
N | X
L 1
= [N
I
N
1
N
N3
|
1
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N
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127



Area Under the Curve

Q9 (9
Required area

/12
A:J"T sin?x.d
0

[X]n/2

Q.10 (3)

Required area =

Y

12(1—
X.dx :.[T[ (ﬂ) dxa
0 2

[sm2x]"’2 ud

J d +J‘( 4—x2dx
x=J§y

ay
(200 .

N|§| &ile

Trick : Area

ola

Q11 (1)

Given required area has been shown in the figure.

T . . .
X= 2 is the point of intersection of both curve

vis S

/
il

\/_ 21

{ ‘T?H

2
+{1\/4—x2 +£sinli}

2 2 213

CR2

of sector made by an arc =

k3
3

nl4 .
. Required area= I(cosx—smx)dx
1 1
— n/d = +—1
=[sinx + cosx]g [\5 2 }
2
:_—1:\/5—1
V2
Q12 (3
Wehave y =4x-x2 and y=0; - x=0, 4
4
4 ax? X3
i =| (x-x%)dx=|2—-"—
Required area Io( ) { > 3}

128

Q.13

Q.14

Q.15

Q.16

Q.17

64 32
3 = 3 S0 unit
(3)

1
required areais |Og\/_—z

(1)
Solving y=0 and y = 4+ 3x — x2, weget x=-14.
Curve does not intersect x-axis between x =—1 and x =
4,

. Area = I (4+3x—x )dx—lz5

(4)

Bounded area= +

JOZX dx

Jix dx

x=-1

(3)
Wehave y? = 4ax = y = 2\/ax

We know the equations of lines x =a and x = 4a
.. The areainside the parabola between the lines

34a

1

4 4 4a =
A =2!aaydx=2La2\/&dx=4\/§Lax2dx =4Ja %
2

g ! 3 3 13
=—612[(461)2 (a)zi— Zata?[g-1 - B2
3 3

(2)
Given, y=-x2+2x+3and y=0
Therefore, x = -1 and x =3

3. .2
. Required area = I 1(—X + 2x + 3)dx

3 o
= —X—+x2+3x =—
3 » 3



Q.18

Q.19

Q.20

Q.21

®3)
Givencurvesare, y = x3 and y = 4/x

Onsolving, weget x=0,x=1

1
Therefore, required area =j()(x3 - \/;) dx

1
_{ﬁ_Zx&} 1 2] 5

4 3 :[Z_g}ZE,Mrea can’'t be
0
negative).

(1)

The parabola meets x-axis at the points, where

E (a2
a

T

unit.

~x2)=0= x=+a So the required area
2 2vaqy _O[3.2 2\ 4.2
X )dx_ajo(a x“)dx=4a“ sq.

Q.22
(1)

Since the given equation contains only even powers
of x and only even powers of y, the curve is
symmetrical

about y-axis aswell as x-axis.

Y
(0, b)

B(a,0)

Nl N
Z

.. Whole area of given ellipse Q.23

a a
— 4(area of BCO) = 4xj0ydx _ 4]02 a2 — x2dx

n/2(1+ cos20
=4abJ.0 (Tj do, {Putting x = asin6}

nl2 nl2
- ZabU do + j 020 de)
0 0

/2
= nab sg. unit.

Q.24

) sin20
=[0]g J{—Z }

0

(2)
y=x-1ifx>landy =—(x-1),if x<1

Area Under the Curve

x=1
H y=1
EX:Z
. X
x+y=1
y=x-1
Area

(4)
Given parabolasare x2 =1+y, x?2 =1-y
Y

(0,1)
/\ =ity
X
(0,-1) |¥'=1-y

1
1 5 x3
Requiredarea=4j'o(1—x o =4 x| =

(2)

y?=8x and y=x=x2=8x=x=0,8

8
. Required area=jo(2ﬁ& - X)dx

128 64 3

3 2 3

2 Q o Unit.

8
{ﬂxs/z_ﬁ:l
3

(1)

e
Required area = L [logx — (logx)?] dx
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Area Under the Curve

Q.25

Q.26

= (sin%—sinoj +(cos%—cosoj = (%—O) +(

Q.27

Q.28

130

Y

(e, 1)

(1,0)

A :J‘elogxdx—r(logx)zdx
1 1

=[xlogx — x] $-[x(logx)? — 2xlogx + 2x] §

=[e-e-(-D]-[eD)? - 2e+ 26— (2)]
=()-(e-2) =3-¢

(2)

Required area = 2 (shaded area in first quadrant)
1 1

1
= — 2 = _——= -
_Zjo(x X <) dx 2x6 3

(3) Given equations of curves y=cosx and

y=sinx and ordinates x =0 to X=%.We know

that area bounded by the curves

X1

nl4

1T/4—[—cosx]0

=[sinx]g

=2-1
(1)

Areacf thecircleinfirst quadrant is

Also area bounded by curve y =sinx and x -axisis

2 0.
3
unit. Hence required areais 7—2:

(2)

Solving the equations x? =4yand x=4y-2
simultaneously. The points of intersection of the

parabolaand the

X2 /4 1'[/4_
= ydx:J‘O cosxdx—J-0 sinxdx

T

3

n(nz)
4

4

ie, —.

-8

Q.29

Q.30

1
lineare A(2,1) and B(—lzj

Y

x2=4y

x=4y-2_{A(2,1)

.. Therequired area = shaded area

2 2
= J._lydx(fOTX=4y—2) - I_lydx(forx2=4y)

21 21 5
_I_lz(x+2)dx—j 1ZX dx

2 2
_uxE e e
T4l 2 . 4l 3 71—83q. unit.

(2)
. 1
The x-coordinate of A is 5

According to the

1- j:/a[\/%— asz dx

1 2 32,78 8;,3.Va
1=—Z[x —Z[x
= ,—a 3[ ]O 3[ ]

given

S S S
37
Y
y=ax"
, X
Y=
A(1/a, 1/a) a
O\ X
(3)

0
Required area = Il—eloge(x +€) dx

(0,1)

(1-e,0)

condition,



e
=L log t dt =[tlogt — t]{ = 1sq. unit
(Put x+e=t).

JEE-MAIN
OBJECTIVE QUESTIONS

Q1 (3
y=0=x=1,3

_ e o0

1 3
Graph of y = 4x —x*-3

3
Area= I(4X— x? —3)dx = %
1

Q2 (1)
ZIsinxdx =
0

Area of bounded region =

2[-cosx[; =2[1-(-1)] =4

Q.7
Q.8
Q3 (2
Xx=0x= g are successive points of inflection
O| n 2n
Graph of y = sin ax
Q.9

n/a
. 2
Area= |sinaxdx = =
a

0

Q4 (1)
/2 n
Area = Icosxdx— Jcosxdx:Z
0 nl2

Q5 (4

Area Under the Curve

1
_ y_ _
A—J.o(e e)dy =1

(3)
x=0=y=0,-33

0

-3

Figure

3

81

Required area = 2I(9y—y3)dy =5
0

(4)
1642

2
Area :ZJ-Z\/;dX = 3
0

(4)
From figure it is clear that required

€ 2
A= .[1 (In°x—fnx)dx =3—-e
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Area Under the Curve

Q.10 (3)

\\ ///////////////W/ y=4 = (é - 3€an§ + (4x - % - 3gan
N |

Graph of y = 4x°

T1 7 : i
Area= J.E\/ydy = — & 1 2 \
1 y =4-x

3 N
Q.11 (3 Figure
4-3m3
- 2
I
4 2 Q14 (1)
From figure

t t
j (F(x) = (x* = 4x2))dx = k j (2x% = x® — f(x))dx
nl4
] 0 0
Area= .([(COSX — sinx)dx = V2-1 Differentiating w.r.t. t

t* —kt® + (2k — Q)2

Q12 (3) 0= Tik
Area= Jl.(ex - x)) dx + i(ex —(x —1)) dx Q15 (2)
0 1 y=X—-x21y=mx

first find point of intersection : x — x? = mx
X2+(M-1)x=0 = x=0,1-m

Case- |
Ay
AY1=X_X2
B .
o) 1 .
Y. =mx C
(0,0)| A(1,0) |(2,0) Figure
x=2
Figure Areaof OABCO
1-m
= lel-1+= ]| _ 2 —|e -5+l S
= [ 2] 1+ (e —2+2) ( 2 ] '([
- -2 1-m
- | x=x*-mx)dx — g
Q.13 (2 'C[
2 3 =m=-2
A= I(X—Ede+I[4—x—§de Case- ||
X X
\/5 2
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Q.16

Q.17

AY
o) > x
A
P
Figure
Areaof PAOP

0
J.(x—xz —mx)dx = gp

1-m

=m=4

(1)

Solvingx =1, 4

=

From graph it is clear that required

4
area= I(Z&—%(2X+4)jdx = 1
1

3

(2)

4 2
X 1
Area = .([[31}1— T 2(12 - 3x)]dx

4 2
= 31X 6—x? + Bginy X )| JLf1on
4 2 41,

4

\‘/\3x+4y: 12

= %[(0+4n)—(0+0)]—%[48—24]

=3n-6=3(nt-2)

2

|

Q.18

Q.19

Q.20

Q.21

Area Under the Curve
(3)

Y& y=1+sin2x
0,2)T

(0,1)1

¥ > X
o /2 3n/2

-
vl y = €0s X

3m,

2
A= I (1+ sin2x —cosx)dx
0

3n/2 ) 3n
A:.[o (L+sin2x—-cosx)dx =2+ —-

2
(2)

= Requiredarea=4-2(/n2-1)= 6-4/(n2

(3)
Therequired areawill be equal to the area enclosed
by'y =f(x),

y-axis between the abscissaaty =—2 andy = 6
Hence, Area

1 0 9
= j (6 —f(x)) dx + j (f0)-(-2) dx = 5
0 -1
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Area Under the Curve

-2
Graph of y = f{x)

Alternative
Clearly g(x) <Oforx<2and g(x)>0forx>2

2 6
Area=- J.g(x) dx +Ig(x) dx
-2 2

Figure
put x = f(t)

0 1
' ' _ 9
- - Itf(t)dt+Itf(t)dt—§
-1 0
Q22 (1)
d2y

d_2 =0atx=2s0 A
X

2
= J xe X dx =1 — 3e?

Q.23 (1)

134

Q.24

Q.25

Q.26

Q.27

Q.28

(1)

. 3
S|I‘12X—\/§ snx=0= sinXx (COSX—§J=O
x =0 on /6

so A= J.:(sinZX—\/gsinx) dx

= 4A +8cosa="7.

(2)

(3)
0<y<3-2x—-x%2,x>0
y=3-2x—-x? = (x+1)2=—y-2)

vertex (-1,2)aty =0, x=-3,x=1

y

|
w
|
N
O
—~

Figure
1 g

Area= j(3—2X—X2) dx Ans.
0

X=a




Q.29

Q.30

O

=D

1 2

1 t 1
__I = —_——
(x ogx)dx J;(Iogx dex

(3)

Lb f(x) dx = (b —1) sin (3b + 4)

R —0

differentiate w.r.t. ‘b’
f(b)-1=3(b—1) cos(3b + 4) +sin(3b + 4)
so f(x) =3(x—1) cos(3x +4) +sin (3x + 4)

(2)

curve is symmetric about both the axes & cuts x-axis

at (-1, 0) (0, 0) & (1, 0)

—~L
(—1,0)\_/'\/(1,0)

1
Areaof loop = ZIO xV1-x2 dx

_,2_4
7373

JEE-ADVANCED

OBJECTIVE QUESTIONS
Q1 (D)
1
X
A, -
‘\ 1| |2 ‘|‘.
Figure

Q.2

2 4
1
A = Ildx=fn2,A = I—dx:énz
1 X ’ 2%

A=A,
(A)
1 2
_x2 _pax -8
Area= | (@=x")d+ [(2x-Ddx==2

-1 1

Q4

Area Under the Curve

y=2x—1
15l
/ -1 1 2
Figure
(D)
dy _os dy _ 2 _
X = 8x® — 2x. X =0=>(4x*-1)x=0

-1/2 1/2

Figure

1/2
7

i = —2|@x*=x*)dx = —
Required area _([( ) 120
(A)
y2=(7-x)(5+x) aty=0, x=7,-5
(x =1)2 + y2 = (6)2 centre (1,0)
From the figure it is clear that areais

j.ydx - jd(&*;)z—(x—l)2 dx
-5 -5

1
= {—X;1m+§sin‘{—xglﬂ
-5

x=-5

= |0+0)-(0+18sin(-1)) = 9=
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Area Under the Curve

Q.5 (©) Q.8 (A)
X = 0 is asymptote y=log(x+e€), at y=0, x=1-e point (1-e¢,0)
g=x+e= €&-e=Xx
3
(o @
vy’ +a° 1
x = log, ; ,ay=e, x=-1
0 /a
figure e = ; = y=e¥
© a3 0 ©
Required area=2jlmdy=a2 Area = J-Ioge(x+e)dx+je‘xdx
0 1-e 0
Q.6 (B)
Ya
\
et
\,/\
(0.1)
y=1lInx|
(1-e)
X'« > X
= (1,0)
Figure
y=In|x|
y'"

e © X ©
[ntdt+feax (t(nt—t)f+(e J
1 0 1o

Areaenclosed by the curvesy =Inx, y = In x|

1
y = |In x| and y= | In |x| | is 4junx|dx
0 [(e-e)-(0-D]+ [+ =1+1=2

=4[x In x—x]z =4

Q7 (A Q9 (B)
| (x-1)2+y2 =1 h(é) =f{gx)} = h(x)=f(2x+1)
Area of circle is nr2 ax +4X+5:_f(2X+ 1)2
= f(x+1D)=(2x+1)2*+4

f)=1P+4 = fx)=x>+4

I
N

0

Figure I i (2,8)

X+ 4 i |

) : |

) TT . TEXd I |

Required area = E‘J‘S'n7 X . I R )
20)  (0.0) (2,0)
y'y

_r_=
T2

Let the pair of S.| assing through the origin is
y=mx and tangenttoy =x2+4

LXe+4=mx =—=x2=mx+4=0 = D=0
136



Q.10

Q.11

>m?’-16=0 = m=t4 = Xtany=zx4X
Point of untenseof y =4x andy = x>+ 4
X2+4=4X= (x—-2)°=0=>x=2

A2224d 2128 A16
= —_ X — X X = —
£(X+ )dx 5 = 3
(D)

dy

— = >

dx l+cosx>0, vXx

d2

—Zz—sinx

dx

X = nr are points of inflection, where curve changes
its concavity.

For x € (0, ), sinx>0= X +sinx > X.

For x € (m, 2r), sinx <0 = X + sin x < X.
Required area = 4A

A= ]E((x+sinx)—x)dx

7y= sin x + x = f(x)

2n

Figure

A=2
Required area=4A =8

©

fX)=x2+6x+1=>f(y)=y?+6y+1

f(x) +f(y) =x2+y2+6x + 6y"2< 0

snous interior area of circle radius of circleis =4
f(x) —f(y) =x2—y?+6x -6y <0

X+y+6=0

Q.12

Q.13

Area Under the Curve
=>X-y)(x+y+6)<0
Case(i)x—y=>0andx+y+6<0
or Case (ii) x—y<0and x?+y +6>0,

A 1 16 T 2 A=8
= — X X — X =
> 5 = o
(D)
1
—cosEx 3
1 inZx—x2 |dx 2__X
Al=f sin x= =| =n/l2 3
0 0
_2_1_6-n
“n 3 3n
1 3 1
A, =Ix2dx - (X—J _1
3 3
0 0
N Y ,
y=X
! ] \
A
>A,
> X
o 1 2
Figure
ﬁ 6n/3n 6—T
A2 1/3 - T
©
y = f(x)
rY
©4) (2,2)
WY = g(x)
X'< (0,0 2,0) @0
\/Y'

[% 00 -a0andx = [ (100 - goonax + [ (@60~ o0yae
0 0 2

joz(f(x) g(x) dx =15
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Area Under the Curve

Q.14 (B) 1
1 - x(eX +e‘x)g —Il.(ex +e )dx
Areaof shaded region = 3 0
.y xex
(1,e) o~
S, _Aﬂﬂmﬂm/
/ . (1,1/e) <
Q.15 (B) -
Figure
Y
fx)+f(n—x)=2. v x e [?“}
1 I
f(X):Z—sin(Tc—X) - (e+——0]—|:ex—e X]Q:_
e e
(0 =23 37
X)=2-sinXx, v X o
vV Xe (2 Q.17 (A)
3 1
f(x)=2-f2n-x), v x e | ™"
| 1
y = 2-sin x y=2+sinx Figure

: 1
YN Y area= | (1= 502 ax

V ‘}. \I/ : . =
2 = —-1=—=
i i 3 ! 3

Q.18 (B)
3 A= je (X(1— fn x))dx _e’-se”

f(x)=2+sinx, X e (ﬂ%ﬂ 1/2 4

Q.19 (D)
3
fx)=f(2n-x), v x e (7",271} A=5- j:(3x3+2x) dx = %
| 3 Q.20 (D)
f(x) =—sinx, v X € ?,275

Clearly, from figure required area = 2n

Q.16 (A)

y = X%, y = xe>* X'
Xe=x* = x(e—-e¥)=0
x = 0, Intersection point (0,0)

1

Area = I(xex —xe ) dx
0
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Area Under the Curve

1 1 Q.23 (D)
— 2 2 —
Area= 2ij/1—y dy+2j(y -1dy = A=2Ans. 2ary 1
0 0 A=j —+— |dx
-6 X
Q21 (A) , 2
X = acost, y = asint — X3+ y?3 =g A= B(_ZJF_E}
X
nl2 /2 a
A= 4I y — dt = 4I3a sin® tcos? t(—sint)dt
Ya S
/12 0\)
_ |-12a? J.sin“t cos?t dt| _ _qpg2 311l m
g 6.42.1 2 3
xS y=0 "~
(a0) (2a,0)
y'v
a? 1
=—+—
4 2a
Figure N d_A _ E i
W da T2 T 2a?
— %naz sg. units For maximum and minimum value of A
a 1
Q22 (0) R0l =m e
According to questions "' (x) = f'(X) da a
= [f"(x)dx = [F'(x)dx L
.. 2 - 3
Fx)=f(x) +4=F(0)=f(0) +4=4=1 da” 2 a
Now f’(x) =f(x) + 1 dz_Aj 1
f'(x) £(x) ol da? a_1_5+1>0:>A|sleastvaJueat a=1
= fx)+1- 1= If( 0+1 x = [dx
Q.24 (A
ya 4
x=0 =e'-1 3\/
" L2 0.1+
(0, 0) (1,0) (1,0)
X< > x / A0, 1 oc?)
(1—7062,0
20c
y+1=0 X< 5 > X
(-1,0) / (0,0) (1,0)
y'" A
y=1-x
Inff(x) +1|=x+C, = Inff(0) +1|]=0+C, =C,= v
INjfx)+1=x=f(x)+1=e =f(x)=e -1 y

Example of tangent at A(ec, 1 — o) for the curve

1
= (e*-Ddx +1x1 —a_ —
A_l( ) = A=e-2+1=>A=e-1 Y= 1oxPisy+1—o?=2-20 X
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Area Under the Curve

Q.25

Q.26

140

y
2 +y=1+? =1
Xy T e 4o
2 o
Areaof AO 1 () A (1 oc?)?
== X —— =—
reaof AOPQ =73 20 4o
dA  (oc® +1)(3 c® —1) .
— = for minimum value of A
doc oc
dA (3 oc® =1)(ec® +1) o _ 1
doc =0= oc =0= \/§
43

Minimum Areaof A = T

According to questions = /4 +12 =4

(D)

\L (a/2, 0)
YI

al2
S= an—X _ 4X
.[o (e“e e”) dx

g Lim S _ Lim e?-2e?'% 41

a—0 a2 ~ a—0 az

1
4

(B)
Areabounded by the curvetraced by Pis

YA
B (2, 2V3)
)

(.2
e P00 NG
(0,0) (4,0)
y'V
J3

= ¥ @y —axtiax®
4 2" 3

= 44/3 -2 0. unit.

JEE-ADVANCED
MCQ/COMPREHENSION/COLUMN MATCHING
(A,B,C)

Q.1

Q.2

4 3 16

—a?=— =

3 3 = a’=16]
(A,D)

|
|
|
(0, tan1){x (1,tan1)

0(0,0)

T_‘\J
e 29} _ =

1 1
Required area = jtanx dx = I tan(1—x) dx
0 0

(Using king property)



Q.3

Q.4

tanl
Also, required area = tan 1— J.(tan‘1 y) dy -
0
(A,B,C,D)
1

A= J'(e—exz)dx = 2e- } & dx
-1 -1

A :ZTxdy:ZT\/Wdy
1 1

r 3 y_e)(2
0,1

¢ x=-1 x=1 >
v

putlny=t; y=¢€;dy=€dt

1
A=2[Vteldt
0

(A,B)

Point of intersection of two curves C, and C,
1 x?

1+x* = 2

x*+x2-2=0

x*+2)(x*-1) =0

x=%1

Areabounded by thecurve C, andy =0is

= 2Tl+lxz dx = Z[tan’lx] = ZF} =7

0
0 0

Areabounded by

1 1 1 X2
C,and C, is ZUde - j?dx]
0

Area Under the Curve

(A.C)
C3
Area(T) =5 C*x 027
YA
(0, ¢ . c)
|
|
y=x
y =cx I
|

3

Area(R) = joc (Cx—x*)dx = %

Area(T) . 6C°
|m+—:|m—:3
c-0t Area(R) — c0 2x CP
(A,B,C,D)

h" (x) =3x?—4x +c
h(1)=0=c=1

h (x) =3x2-4x +1
h(x)=x3-2x2+x+d
5=1-2+1+d=d=5
h(x)=x3-—2x?+x+5

h' (2) = 3x22—4x2 + 1 = 5,
Tangent at (2, 7)isy—-7=5(x-2)
5x—-y=3

y =9 (f(x))

i
31

h(x)=0= x =
Areabyy = h(x),y = g(f(x)),x=0,x = 2is

(x3—2x2+x+5)dx = %

O N

1
Area by ordinates of local maxima [X=§], local

minima(x =1) ,y =h(x) and x - axisis
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Area Under the Curve

1
j(x:’ —2x% +x+5)dx
1/3

_ g[@;_xf_2[1+;_xf+(1+;_xj+5]dx.

Areabounded by y =h(x),y=5x—-3andx =0is

O Ty N

((x3 —2x? +x+5)—(5x—3))dx _ 20
3

Q.7 (AC)
2 2
BT 173 T
2+1—i
Xri=3
yu
y=1
/\/2
1
e \/§ LX
X< 01 [<—2—]
N
2+2 4
XTY S5 yy
o1 1
X—33X— 3
1
1 4 2
RlnR2:—3><1+J; 3 XX
.
- -t
1 X4 , 2.4 x+/3
= — 4+ | =, [=—x*+=sint| —=
ReR.= 73 Y1213 3 (2 .
- 5
- -1
RlnR2=i+ X |2 _yo 1 2gint| X3
3 |2V\3 3 2 |,
- 5
_ 1 2n mn_ 1 E_i+
2379 97237 6 7J3 9
_3\/§+TE
T 9

142

Q.8

Q.9
Q.10

Q.11

(AD)
[x[<1,|y|<£1
= —-1<x<1
& 1<y<l1

1

1
&XySE :>ys§

YA

Square

1
1
Required Area = ZI(l— —] dx
1 2x

2

1
= 2[x—%tanx) =1-1In2s. unit
1

2

Comprehension # 1 (Q. No. 9 to 11)
(A)
(©
(B)
2t (x) f (x) = 2 f(x) f'(X)
Integrating
(F(9)*= (f(x))* + ¢
putx=0=c=5

()= (f())* + 5

puty = f(x)
d
%ﬁ_‘ y2+5

En(y+\/y2+5) =X+,

X=0,y=2=c =/n5

y+y?+5 - oo

5

_ beX-e™* orv = > —e
y 2 y 2

e X —e*

If f(x) = ST . (0) = 3 is not satisfied



5e* —e™*
f) = ==
= f(x) 5
1 1
put f(x)=0=2x=1¢n (g] =>X== EﬂnS
X =X
f (x) = et 0o f(x) isincreasing
~(1/2)¢n5

) 5e* —e™*
Areain second quadrant = I — dx

—iénS
2

:3_\/§

0
_ 5e* +e™*
2

—EmS
2

1
Areabylinesx+y=2,x+y=—5fn5,

. 1
y=f(x) andy =f'(x) is2(3- 5) + 522+
11,8 (lénSJ
2\ 2 2

=8-2{5+ %(énS)z

Q.15

Comprehension # 2 (Q. No. 12 to 14)

Q.12 (B)
Q.13 (C)
Q.14 (D)
(12, 13 & 14)
\ / y=X2 -
— y = f(x)
2 a

Figure

Area Under the Curve

o Ao+ 8 = j(x2 +2—f(x))dx
2

302—8a = a2+ 2 —f(a)
fX) =—2x2+8x + 2

p

Figure

1
Area= I(—sz +8x+2)dx_ 16
3
0

Sumof roots=p+q=4

712

Area= J' (—2x% +8X +2—x —2)dX 4+
1

4
j (X +2+2x* —8x —2)dx

712

P 1 72 44
Figure
_ 79
12

(A) = (@), (B) > (9), (C) = (), (D) = (1)

2 X4 2 15
3
() [ =[TJ =

1 1

4 3 4
(B) I(4x—x2)dx - (ZXZ —X?J 32
0

0 3
y
\/”
(©) g
|o
Figure

143



Area Under the Curve

N |-

1 2 3\t
X X 4
A=2|(x-x?)dx = 2[—-—J [
! 2 3

0

Ay
1 —
= Z[E—gjzg 2\
(D)

{Xa X4]1 (X4 XSJZ 3
| = | =-=] ==
13 4 4 3 ) 2 32
0 1 _y2 — Yy zg
A:_jz(4 y)dy—(4y 3]_2 3
Q.16  (A)—(9),(B) > (9, (C) — (a), (D) > (P

(A) 0<y<4x-x*-3 Q17 A->RB->SC->PD->Q

ay=0,x*-4x+3=0 = x=1, x=3 1
(A)y?= 3 (x+9)

3
g2 4
Azjl‘(4x X 3)dx=§

(-6, 1) %"

y [—

=

=

/_\ > x ;

1 3N (-9,0)

Figure
(B) 8x=4x2

intersection point (0,0), (2,4) —

VR
4>|“<M
|
N|<
N w
N

I
|
N
I
w| oo
1l
(SEIN

51 (3y* =9 +b)dy| + |area of rectangle]
2 + 6 = 8, square unit
(B) f(x)=ax +bx

[5 av/x +b(x)dx

» X

4

ax3/?2  px?

3/2 2 |

16a+ 24b = 24 (1)

a+tb=2 (2
/\ from (1) & (2)

il NS e vaue
(C) _1\% Jﬂuy1 Required area = Thenvalue2a+b=6-1=5

4 .
(€) jg/ cos? X — sin? xdx‘
x=1/2 [~ x=1/2
3n/4
+ |2 % sin? x - cos? x dx
Figure n/4
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+

n 2 in2
[3n/4€OS™ X = sin xdx‘_l

(D) jé6/m4x/§ —mxdx

4x3/2 _mx? te/m 2
3/2 2 3
m=4

NUMERICAL VALUE BASED

QlL [71
y-2
y=mx+2 = X:(T ........... (D)
X=2y-y2 L. (2)

(y—-1)2=—(x-1) vertex (1, 1)

y-2 _ 2
From (1) and (2) - =2y-y

2
= my’+(1-2m)y-2=0 GB:_E 03

(0, —1/m)

v

Figure

m =1 satisfy the equation = m=1

Q2 [64]
Clearly required area

Area Under the Curve
0 4
= I(16—x2)dx + I(x—4)2dx
-4 0

4

3\° 3
_[1ex =X LA
3 3

- 0

(0,16)

d(0,0) Y, 0

64 64
_+_
3 3

o

(4,

% 64 square units. Ans.

[4]

3n
Areaof rectangle PQRS = (— - EJ x2=2n

y

0(0,0) Pr O . _3n x=on
2

=arn + b (Given)
So,a=2,b=0.
Hence (& + b?) = 4.

Alternatively :

As graph of f(x) issymmetrical with respective to
theline x = T, sorequired area = 2A, where

A =

Ot A

snxdx + jf(x)dx

2

sinxdx + | (2—f(n—x))dx

Il
(R AT
N3 —a

N A :1+2[gj—ff(n—x)dx

2
2

145



Area Under the Curve

Put, T—x=t and 2mw—-x=t,s0

A= z‘f(g—xj—(hxz)dx - T(%—x—xzjdx

X1

0
A =lin+[f()yd =1+n-1=7
2
S0, required area=2A = 21t = art + b (Given) = a=

2,b=0
Hence (&2+b?)=2.

X+y= %

Q4 [9
y=2x—x2
Y o =02 x=1 =32
dx
solving y =2x—x? andy =—x , we have 7
—-Xx=2x-x2 = x?-3x=0 = x=0or 3 now 1+x2=—x+ 2
3 3
_ w2\ _(_ _ _y? 3 1
A‘J;[(ZX X) ( x)}dx_J;(3x X )dx 4x2+4x-3=0 :x:—z and XZE
12
3 2
_ =——-x-x*|d
A_£2(4 X XJ X
1
N 4 .
simplifying A= 3 o units=A = 3A=4 Ans
p 3
Q6  [19
Let Z=X+iy
Re(z+1)=|z-1]
x X 2 9 (x+1)= J(x-)*+y*
=5 "3 =7—9=E =A => 2A=9.
0 X+1)2=(x-12+y2 = y2=4x ...(1)
unit . .
agan  Re((1+i)(x +iy)) =1
Q5 [4] sq. units x-y=1 = y=x-1
d ..(2)
y=1+x? = Y =2x
dX Y2 y2
1 Area= J‘((y+1)—7]dy ..... (1)
Y1
Hence m=- 2x, (m = slope of normal at wherey, andy, are the roots of the equation
X, Y;) y2=4(1+y) = y?-4y-4=0 =y, +y,=4 and
11 1 5 Y = 4
- - _Z .y = = ives,
“Eom T2 T aw T M
1 1 y2 y3 Y2
i _ |1+ =m| X+— A=[_+y__}
equation of normal y ( 4m2j m( 2mj 2 12 "
5 1 Y.ty Y3 +Yi +Yy
- _2__ | x=-= _ 1 2 _ )2 1 12
put m 1, we get y 2 ( 2] _(y2_y1)|: 5 +1 5
X+ - §+£—Z 1
Y= 27274 @)

146



Area Under the Curve

Q.7

y Note:

Y2 x—x2=ax
x2+(@-1)x=0
X, +x,=1-a

X but x,=0
9 S(1.0) =X l= 1-a
Yit) 2

+y,)5 -
_ |:3_ (Y2 +Y1) y1y2:| \/(yz + y1)2 —4yy,

A= 12

{ 16”} V16420 - (4¢§)1_6 _1ev2

12 3

88 (1-a°=8

3 l-a=2 => a=-1
Hence Minimum value of (a+b+¢)=8+8+3=19 = [[a] |= 1. Ans.
Ans.

Q.8  [0004]

(1 We have y = | cos(sinx) | — | sin! (cosx) | =

Areabetween x =3y —y2andx +y=3 -
‘E—sinl(sinx) -

g— cos " (cosx)

A:i(3y y*)-(3-y)dy

_ g—(x—Zn)—‘——(Zn—x) _ 5_2“_x_
1
-(2.9_9_0\_|2-=-3
(2999)( 3j ‘—ﬁ—(ﬁ—xj—(x—%j—
5l = 172 2 = 41— 2X

[For XE{S—;,Zn},sin’l(sinxhx—Zn and COSl(COSX)=2n—X]

Clearly required area = Area of shaded triangle in
figure

X+y:3 1 T TEZ TCZ
= —X| = | XTT = — =— i
X 5% 2 7K (Given)

Hence k=4Ans.

T3 Q9 [8

Now area bounded by f(x) above the x-axis is = 2
A :J'[x(x—3)2—x]dx
0

o'—.»—'

dX ==, hencea<0 (think)

y
l-a
. 2 4
Gven, [ ((x=x?) - (ax))x =3
0
14 | N
Solving s (1-a°= 3 y=X 2 3
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Area Under the Curve

Q.10 [2]

t
We have A(t) = fSinXZ dx ;
0

A(t)
0 B( © ki
t
2J'sinx2dx
Lim ——5— _
= t->0 3 ant - le
2 t—>0
t
m AW
Hence 5T gy = LM
Xx=2Ans
31KVPY
PREVIOUS YEAR'S
Q1 (A
(0,2)
T n 1
(5% &%)

- _2 E(L
required area = 2\ 2

_ [44_8\/5}“_\/5

Qz (O

= j[(x3

Q.3

148

3
—4x?% +3x)dx _ I(x3 — 4% +3x)dx = 37
J 12

t sint?
B(t) =
® >
t
2_[sinx2dx
0
t sint?
t
stnxzdx
t3
2sint? 2
32 3

+ ZJ.E - J.mcosxdx}
4 Jo

7

SolveA, .
VeAT 3T
1y -p,=2-1
T[( ) - 2 3
2
|A1_A2|:§
Q.4 (B)
Q5 (B)
: 2
y+€+—= and _3nx, x
X 2

Q6 (O

Agl> 1A,




Area Under the Curve

Q.7 (A) Q.2 (2)

Y

1 y y = 5¥
Iy y=20s

, > X
Q/l : 4
B0 B
x2+y2<landx,y [0, 1]

1

T
[foom=2 _ gea= 2
) 4

Required area
= 2 3
= Y= NI =2 [ (2 +9- 5)dx
0
N Wz Lz
= I f(X)dez .f / zz‘smi X‘yz V3
7 17X 72 V=X =2 [ (93
0
_r r_T
46 12 —2o-3c| =123
. 3
3 [4
JEE-MAIN Q 4
PREVIOUS YEAR'S
Q1 [64]
(1.2
! X
-1 3

1
Area= E x4x2=4

& Q4  [9.00]
A= .1[(sinx—cosx) dx = [—cosx —sinx]i;[f 4 !
&r o o 4 — 3sinx
=—K_COST+Sij_COSZ+S”]Z} Y= sinx(1 - sinx)
Letsinx =twhent < (0,1)
1 1 1 1
B S T O S 4-3t
|:[ 2 \/EJ ( 2 \/EJ:| y= t — t2
4 2
- =23 &y _ - -@-204-3)
dt - (t-t%)? -
4 4—
=>A*=(2/2)'=64 =32 -3t—-(4-11t+6t9 =0

=3t2-8t+4=0
=32-6t-2t+4=0
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Area Under the Curve

A, \/E(x/i —l)
[sm—@ ,9] Q7 12
3 f(-1)=3>0
) f(~2)=—64+80-80+40-20+10
=t=— = -34<0
3 .. At least one root in (—2,-1)
o229 f'(X)=10(x*+2x3+3x%+2x+1)
least o isequal to 9 1 1
:lo(x2 +— Z(X +—j+3j
X X
Q5 (¥
The curves intersect at points (3, + 3 2
y P ( V3) :10[(x+1) +2(x+1j+1J
X X

yZ: 9x

1 2
:10[(x+—)+1j >0; vX e R
X

X
.. Exactly one real root in (—2,-1)
Q8 [2
Required ﬂ— 2 (x+1
equired area X (x+1)
3 6
=22 {J\/& dx + J‘\/36 - x? dx} \ X|__' /
0 0
6 1+V1-C

=361 - 12,/3 -2

X 136 - x? + 18sin™t (ij
2 6

3
= jdy = j 2(x + L)dx

93 Y
=36-12./3 —2(9W—[T+3WJJ=24R_3\/§ = y(X)=x2+2x+C
48
Q6 (1) AreazT

i ~1+1-C

; n/2
AA = J. cosx.dx =sinx |y =1
0

—I+ﬁ
2 [ (~(x+1) —C+1)dx:¥

P —1+1-C
:2{—()(;]) —Cx+x} ——4\3/§

-1

= —(J1=CY +3¢-3C1-C
3431-C-3C+3=28

=C=-1
= fX)=x2+2x-1, f(1)=2

A= I (cosx —sinx)dx = (sinx +cosx) [f/*=v2 -1
0
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. Area Under the Curve

Qo (I

=|(6- 4 — -2)d
f(X)=3€n(x—1)—3£n(x+1)—é Area l( XN(E-x)(x-2)dx _(2)

' 3 3 5 D+(2
F) =" T ‘
x-1 x+1 (x-1) 2A = 6[/(4—x)(x-2) dx
(= A0 4
(x=1)(x+1) A=3j 1-(x—3)? dx
f'x)>0 5
1 e 3n
— Xe&(—om, —l)u{g,l)u(l, o0) A 23.5.12 :7
Q.10 [41] Q.12 [4]
f:[-3,1] >R xdy —ydx = ,/x* —y? dx
mind(x+6),x?!, —3<x<0 _ 2
(9 = tocro) > XYY Y
- maX{x&,xz} , 0<x<1 X x\7 x

’ x° d(x) dx
e
= Y

= sin‘l(yjzfnx+c
X

32 o 1

ax=1L,y=0=c=0

areabounded by y = f(x) and x-axis y =xsin(Inx)

_2 0 1 e’ .
= f(x+6)dx+fx2dx+_[\/§dx A=!xsm(lnx)dx

-3 2 0 )
A=4—1 X=e‘,dX:e‘dt:>Je2‘sin(t)dt:A

6 0
6A =41 2t n 27
o+ = (eS(ZSint—COSt)] _1+e
Q.11 (3 0

= XE-06-2) a=3P=¢0100+p)=4

v R
v =5 VA=0x=2) Q13 [7]

X

:>y1=§ (4-x)(x-2) Q.14 (4)
and s =_—2X 4—xx-2) Q15 (2)
D:xe [2, 4] Q.16 (3)
RequiredArea

4 4 Q17 (1)
= I(yl_yZ) dX:J‘X (4 —x)(x —2) dx ..(D)

2 2 Q.18 [26]

b b

Applying | f()dx = [ f(a+b—x)dx Q19 [114]
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Area Under the Curve

Q.20

Q.21

[27]
)

JEE-ADVANCED
PREVIOUS YEAR'’S

Q.1

Q.2

152

(ABD)
1 2

| = |e™™ dx
!

—x?<0

e_X2 S 1

- 2
Ie‘x dx <1
0

X2<X = X2>—X = X >

1 .
[>1- T = (B) iscorrect

! 1 1
Sincelf I >1— = 1> —
e e

= (A) iscorrect

|<\/1§x1+\/—x(1 \/—)
Q.3

V2

SoAns. D
[Hence Answersare A, B and D]

(B)
Given'y =sinx + cosx X e [0, /2]
dy

—— =C0SX—SNnX
dx

=|cosx—sinx|=

cosx—sinx  xe[0,n/4]

sinx—cosx Xe[n/4,nl2]
— +

0 n/4  ni2
required area =
nl4 nl2
J.|S|nx+cosx) (cosx — S|nx]dx+ I|Zcosx|dx
nl4
nl4 nl2
= j|2$inx|dx+ j|2cosx|dx -
nl4

2(-cosx)p'* +2(sinx)5)5 =

(-
- Loan ]

g
= 2(2-42)
V2 o y:ﬁsinix+§]
Ny=+2 cos(x+§]‘
/4 /2

=4 — 2\/5

=2\2(/2-1)

(AC)

It may bediscontinuousat x =aorx=Db
lim g(x)=0

X—a~

Jim g(x) = Iime(t)dt = jf(t)dt =

g(a) = J.f(t)dt =

Similarly at x = b wewill get continuous
Sog(x) iscontinuousV x € R



Q4

Q.5

0 Xx<a
g(x) = f(x) a<x<b

0 X>b
g(a@)=0 g'(b) =f(b)
g@) =1 g(b)=0

Sincef(x) co-domainis[1, «) f(a) & f(b)
can never be zero.
Henceitisnonderivableatx =a& x =b.

(AC)
y=x3

1

!(x—xg)dx:
g

4o2-204=1
204 —402+1=0
2t2—4t+ 1 =0 (taking t = a?)

 4+.16-8

NS

N
|
NI

Q.6

o =R

1<a<1
2

(B.C)

f()=1-2¢+ | ef (et Q7

> e*f(x)=e*(1-2x) + j e 'f (t)dt

Differentiatew.r.t. x.
—e*f(X)+eXf'X)=—e*(1-2X) + e

X (=2) + e*f(x)

= —f(x) +f'(X) == (1 —2x) — 2 + f(X).

= f(x) —2f(x) =2x -3

Integrating factor = e

Area Under the Curve
f(x).e>= je’zx(ZX -3)dx
= (2x—3) [ e dx— [ (] e™ax | dx

_ (2x-3e* e*
-2 2

+C

2x-3 1
——+ce™

N

3 1 | ~
f(o):E_E+C=1 = c=0

fx)=1-x

f(x) =

(1,

(0,0) o 20

1
3
= —x"dx =—
Area {(X x")dx 0

So——= . n+1=5

. .8
For intersection, - = Jy =>y=4
HE:
Hence, required area = {[;—Wjdy
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Area Under the Curve

2 14
— |8rny-= 3’2} - 2_ 2
[ y 3)/ ) 16/n 3

Remark : The question should contain the
phrase“ areaof the bounded regioninthefirst
guadrant”. Because, in the 2" quadrant, the
region abovetheliney =1 and below y = x2,
satisfiestheregion, which isunbounded.

Q8 (A)

Here,
Xx<1

0
f(X):{exl_elx le
1 Xx-1 —~X
& g(X) ZE(E +€ )

ylk

y=9g(x)

F=19)
: »X
0 1 X =1+/n+/3

solvef(x) & g(x) = x=1+/ny3
So bounded area=

J'li(ex‘l +€7)dx + Lwnﬁ%(ex‘l +€7) - (et +e )dx

02

1+/n\/§
=1[ex—l_el—x:'1 +|:_lex—l_§el—xi|
2 o270 —20 |

TR R
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Differential Equation

| EXERCISES

)

ELEMENTRY

Q.1

Q.2

Q.3

Q4

Q5

@

Given differential equation can bewritten as

2 2
y2 +x2 (ﬂj - 2xy.ﬂ =a’ (ﬂj +b?
dx dx dx

Hence it is of 1% order and 2™ degree differential

equation.

T
- (2]

Clearly, degreeis4.
©)
. dy
Lety=4sn3x = P =12c0s3x
X

d?y : -
y:—365|n3x =-9x48n3x = -9y

d%y
—=+9y=0
R

@

y=Asinx+Bcosx = %:Acosx—Bsinx

2,
= %:—Asinx—Bcosx =—(Asinx+Bcosx) =-y
d%y
= F +y =0istherequired differential equation.
X

@
Given equation y = acos(x + b)

d .
Differentiateit w.r.t. x we get d—i =-asin(x +b)

d%y d?y
Again — =—-acos(Xx+b)=-y or —=+y =0,
g dx? )=y dx? Y

Q.6

Q7

Q.8

Q.9

Q.10

@
x2y = a (On differentiating)

2 dy d, > 2 —
x22L4y—(x?)=0 = X"—+2xy=0
dx ydx( ) dx

= Q'FQZO
dx X

@
It can be written in the form of
2 X
X Vay=-3-% dx
tany 1-¢*

2 X
ﬂdy:%j € X
tany 1-e

= log(tany) = 3log(1-€*) +logc
= tany=c(l-€*)®
@

dy  cosx-—sinx
dx SINX + COSX

COSX —SinX
— dy=—-| —— |dx
SINX + COSX

On integrating both sides, we get
= y=-log(sinx + cosx) +logc

=log| ————
=Y g(sinx+cosxj

= €&'(snx+cosx)=c.

@

dy _ 2 & _ 1+ x)dx
o - 0y = 10 (1+x)

On integrating both sides, we get
2 X2
tan‘ly=x7+x+c = y:tan(7+x+c

@

dx
xsecy%:l = secydy:?

On integrating both sides, we get
log(secy + tany) =logx +logc

= secy+tany=cx.

|
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Differential Equation

Q.U

Q.12

Q.13

Q.14

Q.15

156

@

dy_ 1 4 1
= = dy=— X

dx  J1-x? h_y2

Onintegrating, weget y =cos 'x+c

T . -
= y=2-sn x+c= y+sn~x=c

€
dy

Let Xx—-y=Vand —=l—ﬂ,thus the equation
dx dx

Idx

dv_ v+2 J2V+5 B

N dv
reduces to dx 2v+53 V+2

1
— I {2+(V+2)}dv:.|‘ dx

= 2v+log(v+2)=x+cC

2(x-y)+log(x-y+2)=x+cC

@

Given eguationis,

(Xy/1+ y?)dx + (yv1+x2)dy =0
= X4/1+ yzdx =-yv1+ x2dy

X g Y _dy-
:>'|. 1+ %2 X+'[ \/1+y2 y=e
= 1+ x2 +1+y? =c

©)

dy dv
= 1+ ==—
Put x+y=vand i dx
av > dv
= —=V+lo =dx
dx v+l

Onintegrating, we get
tan v =x+cOr
v=tan(X+c) =>x+y=tan(x+c)
@
GivensnY —a; dy =sintadx
ax '
Integrating both

sides, | dy = sinadx

Q.16

Q.17

Q.18

Q.19

y=xsinta+c and y(0)=0+c=1, - c=1

. y-1
Ly=xsnta+l= a:smyT .

@
dy av dy av
= 1+—=— —“=-—1
PULX+Y=V = +dx dx:>dx dx
- v"’(m—lj:a2
) dx

dv & a’+v? v2
= =t =5
dx v Y a“+v

2dv:dx

2
a v
1- dv=dx — v—atan = =x+c
= ( 212 = -

- y=atan (X%ayj +C.

@
dy _ xlogx? + x
dx siny+ycosy’
Separating the variables and integrating
j(sny+ycosy)dy:I(xlogx2+x)dx
= —COSYy+YsSiny+cosy

X2

=X togx® = (X5 L oy [xd
—? ogXx —'[77 X X+J-X X +C

2
. X
= ysny:72Iogx—dex+dex+c
= ysiny =x2logx +c

@
dy

—tany=sin(x+y)+sin(x—y)
dx

dy i sny .
= (tany) = 2sin X cos ———dy =2sinxdx
dX( y) Yy = costy
siny . 1
———dy=2|sinxdx _, —— =—-2cosx+¢C
= '[coszy y j = cosy i
", SECY+2C0SX =C
(4)
It is homogeneous equation

dy _ x?+3y?
dx 2xy




Q.20

Q.21

PUt Y = VX dd—y—v+x—
y=wand o = dx

2
S0, we get xﬂ = 1+v
dx 2v

2vdv _ dx
12 X

Onintegrating, we get x2 +y? = px®

@

dy X dv dy

—== =X > V+X—=—

dx 2y-x -Puty = dx dx
dv X 1

V+X—=

dx 2v-x B 2v-1

v 1 _V_1—2v2+v_ (v=1)(2v+2)
dx 2v-1 2v-1 2v-1
(2v-1) —ax 1 4

QuiDv-1)  x  3v-1) a2+l x_

= EIog(v—l) +£.£Iog(2v+1) = Iogl+ logc
3 32 X

— log(v-12)Y%+log(2v+1)?2 = Iog§

= (V—1)1/3(2V+1)2/3 :E
X

3

_ 2 2
= (yx—xj ( yx”j =3 = (x-y)x+2y)’ =c

X
@
dy y(,..y j
ven 2 =2l logL+1
Given X x( gx

PUt Y = VX ﬂ—v+xﬂ
Y=W= i “dx

SV x.ﬂ =v(logv+1)
dx

av dv
V+X—=vlogv+Vv = x—=vlogv
dx adx

dv._dx

= viogv X
. . dv dx
Integrating both sides, _[ vlogv:-[ x

loglogv =logx +logc = logv = xc

=log(y/x)=xc.

Q.22 (1)
ydx — xdy + 3x2y2exsdx =0

- M+ 3x%edx = 0
y

= d(ij-f- de =0
y

X 3
Onintegrating, we get ;Jrex =C

023
xdx — y3dx + 3xy’dy =0

Put y*=t = dt=3y?dy

Differential Equation

Xdx —tdx + xdt =0 = xdx + xdt —tdx =0

dx t
—+d|—|=0
- Sl)

t
On integration, we get 109X sV k

3

= Iogx+y—:k
X

Q24 ()
ye Vdx —(xe”" +y®)dy =0

= e (ydx - xdy) = y3dy

0 (dey—2xdy) —ydy

=

_ X
= € X/yd(;j = YAy | Integrating both sides, we get

v

y2
= k—eﬁX/y 27 - —+€ xly =k

2

Q25 (2
A+y?)dx —(tanty —x)dy =0

dy 1+ y2

= dX  tanly-x
dx _tanly X
dy 1+y? 1+y?

=

-1
dX+ X tan™y

3@ 1+y2 - 1+y2
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Differential Equation

Thisis equation of the form Q.30 (1)
dx dy
—+PX= —
dy Q Slope i
1 dy y-1 dy dx
7dy _ e — =
So,I.F.:e[de:ejhyz —gy - T xZix y-1 x2+x
Q26 (O 1 1
:>j —dy:J' (———j dx+c
The given equation %Jr%:Xzisof theform y-1 X x+l
(S
dy J'de = B
d—X+PY=Q.So,I.F.:e X — doox _ X
Putting x =1, Y=0 weget k= _2
Hence required solution xyzj' x.x2dx +¢ Hence the equation is(y —1)(x +1) +2x =0.
x* JEE-MAIN
= Xy="-+C = dxy=x*+c. .
4 OBJECTIVE QUESTIONS
Q27 @ Q1 (1
2.\2 3
Xﬂ+3y:)( :ﬂ+ﬂ:1 u 2 = 1+ﬂ
dx dx X dx? dx
o dy order : 2
Itisintheform of d—X+PY=Q degree : 2
1
ol Lo Q2 (4
S0 LF. _ of P _ ol ™ _ gaogn _ 2 y =k, sin (x + C) —k, &
Hence required solution is k,:C,+C,;k =ceS
) s x4 order : 3
Y+X +2X+2=ce" =YX :7+c.
Q3 (1)
Q2 (1) tangent to x2 = 4y
2_dy dy 2 1
+XT=—= =5 —=-y=X = =
y dx  dx y X =my + m
This is the linear differential equation in y, where Cdy ) d_y 1
P=-1,Q=x2 M="ax ~ X~ Y{dx) ¥ (dy/dx)
_ AfPdx _ f-dx _ X
I.LF. _e‘ _e‘ =@ (dy] (dyjz .
Q| = —_— +
Hence solution, y.(1.F).= [Q.(I.F)dx+c = Xldx ) T Yl dx
order = 1
= ye ¥ =—x% X -2xe ¥ -2 +c degree = 2
2
= y+X“+2x+2=ce*.
Y Q4 (4
2.\2 1/3
dy  —2xy dy  2x o| A%y + X2 Z—SinX:—3X(d_yJ
Q29 (1) g~ D) = 7— —X2+1dx y (dxz y ax

Onintegrating, we get

logy = —log(1+x?) +logc=> y(1+x%) =c
Since curve passes through (1, 2), we have

c=21+1%) = c=4

3
2
d?y , d
2 2,,2 y
y?| —2 | +x°y°—sinx| - _ 9y
L [dxzj } - (dxj

here order = 2 =p
Degree = 6 = q
Hence solution is y(x? +1) = 4. L p<q
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Q.5

Q.6

Q.7

Q.8

Q.9

Q.10

order = 3
Degree = 3

(2)
y2 = dax + Kk
dy

Zy& = 4a

2
zyu+2(

dx?
degree = 1

order = 2

(3)

dx

order =2 = a

degree=3=b

a+b=5

(2)

dx

1/3 2
d d
(—yj = 4—d >2/ + 7X

3
+ 7x]

X

dy) [,
dx) 7 | dx?

ax? + 2hxy + by? = 1

order : 3

(2)
AxZ + By2 =1

2Ax + 2Byy’' =0

| -0

A
B

A+B (y)? +Byy'=0

Q.11

Q.12

Q.13

Q.14

Q.15

2
A dy
B * (dxj *

—_yﬂ+(ﬂ

X dx

Order = 2
Degree = 1

(3)
y=em™

D3y -3D% -4Dy+12y =0
m3 @™ — 3m2 ™ — 4me™ + 12 €™ = Q

2
J

0

o2
Y,
dx

md—3m2—4m+ 12 =0

mm-3-4(m-3)=0

m=3 2 -2

Two Natural number of m possible

(4)
y=mx+c
y=m

D?% — 3Dy — 4y = — 4x

0-3m—-4 (mx +c) = —4x

—-3m —4mx — 4C = — 4x
—-dm=-4= m=1

3M-4C=0=4C=-3m=C=—

(3)

(3)

Let equation of St. Line

Y —-y=mX —-x)

Distance from origin =

dy

d]

Nlw

Differential Equation

(mx —y)2=1+m?
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Differential Equation

Q.16

Q.17

Q.18

Q.19

Q.20

160

(2)

y = a+ bx + ce™*

y = b-ce¥X

yw - Ce—X

ywr = _Ce—X

y!/! - _ y/! j y!/! + y!/ - O

e
(=2 + (y — k2 = &

X-h+y-Ky=0=y-=

1+(y-Ky' +¥)?=0=y"=

Q.21

—(x-h)
(y—k)

2 Q.22

(y+k)*

(1) option satisfy the given conditions

(3)

y = elk+1x

y' = (k + L)elk+ D

yu - (k+ 1)2 e(k+l)X

dy  dy

2 A g v =0
k+1)2-4(k+1)+4=0
k2+2k+1-4k=0
(k-1)2=0

k=1

(1)

x2+y2-2ay=0 = a=

2X +2yy' —2ay' =0

x2+y2
X+yy —| Ty |¥=0

y2 —x2
X +y 2y =0
2y +y' (y*—x?) =0
y' (x2-y?) = 2xy

3

dy dy

&—ky=0,

ny = kx + ¢
ax=0y=1.C=0

(x? +y?)
2y

Q.23

Q.24

Q.25
= kdx

Now /ny = kx
y=e”
Hm oy = N ex=0
k<O
(2)
dy
Lav =Yy
dy _
Yax =€
2
=L -cx+c,
2

(2)

d
G SLExEYEXy = (LX) (1Y)

N jli—yy - J.(1+x)dx

X2
= /Ml +y) =X +? +cC

1
-1 =0 = —
y(-1) =c=3
2 2
X 1 (1+x)
MmMA+y)=x+ — + - =
(L+y > T2 2
(1+x)2
>y=¢e 2 -1
(2)
x dy =y dx
dy d
73—:£ny—£nx=c
y = kx

straight line passing through origin

(2)

ydy = (1 — x) dx

2 2
y_:X_X_ + C
2 2

x2+ y2-_2x-C=0

(1)
ylny + xy' =0

dy _ dx dy
ylny + X ax =0=> "

/nx + /n (¢ny) = /nC



Q.26

Q.27

Q.28

Q.29

X(¢ny) = C
y(1) =e
he=C=C=1 X (fny) =1

(2)

dy _
dx =100 -y
—/n (100 —-y)=x+C;y (0) =50

—/n (100 —y) =x —¢n 50 = C =—¢n 50

100 -y
/n —50 =—X

100 — y = 50 e*
y = 100 — 50 e

(2)

o(x) = ¢'(x) ¢(1) =2

do

ax - ¢

mo(x) =x+c
m2=1+c =>c=/m2-1
nPp(3) =3 +c=2+(n2

= ¢(3) = 2¢?

(2

dy _y (fn(lj+1j

dx X X

Put y = tx ——t+xi
y=%= " - dx

t+x£ =t (nt+1)
dx

dt
x& =t/nt
dt dx
tnt T x
mint)y—inx=C_

mt
X
/mt = kx

=k

(4)
ydx + xdy + x (xy) dy =0
t

Letxy =t=>x=_—
Y y

xdy + ydx = dt

t
dt + {y)tdy—o

Differential Equation

dt dy 1

t_z +7 :O:>—¥+£ny:C
-1

X—y+€ny:C

(1)

av K
d mY™"9

I%dt _ e%t

Integrating factor (I.LF.) = €

K

LV oen =—I9€K'Um
—t — —t
V em = ﬂem +C
K
-K
—t mg
v=C.em - —
K

(3)

dy _ Y dx  10y% - 2x
dx _ 10y3-2x — dy y

dx  2x 10v2

ox X

dy y Oy

X (y2) = J'10y4dy
y2x - 2y5 +C

(1)

y +yd —¢p =0
y+¢' (y-¢)=0

dy +¢' (y—¢)dx=0
Let o =t = ¢ dx = dt
dy + (y—-t)dt=0

y=t—1+cet
y = 6(x) — 1+ cet®
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Differential Equation

033 (2) Q.2
L+y)dx+(x—e@ V)dy=0

(x— @ Y)dy

dx +
X 1+y?)

=0

tan~ly

@+y?)

put gtany =t = dy = dt

dy  dt
@+y?) " 1

dx+(x—t)$:0 Q.3

tdx + xdt —tdt = 0
d(xt) —tdt = 0

. 70 N
1+(y)2 - 1+(y/x)? ~

Q.4

d(tan_l%)=—dx:tan‘1¥=—x+c

% =tan (C-X) = y = x tan(C — X)

JEE-ADVANCED
OBJECTIVE QUESTIONS

Q1 (A
P(x,y) = ax? + by? + 2hxy + 2gx + 2fy + c= 0 Q5
dpP

&:O:Zax+2hy+Zg:O ax+hy+g=0

dpP

d_y:O:>2by+2hx+2f:0 by + hx +f=0

=>h=g=f=0
conic: ax> + by?+c=0

ev [2)yes & -
= X+ ay+a—0

order = 2

162

(©)

dy, _
dx +fy, =r
dy, _
dx +fy, =71

d
Add ax (y,+y,) +fly,+y,) =2r

dy _
here dx +f(x)y = 2r

(A)
Yy, = 3y5

Ys Y2
Vs :3y_1 = /y,=3ny +/(nc

y, = ¢y,
Y2
y;

1
- — =cy+eg,

Y1
dx
W =-cy-c,

2

x=—%—c2y+c3

XAV HAY +A,
®)

2
dy dy _
dx +X[dx] -y=0

y=0
0>Two lines will satisfy above equation.
X =

®)

IL 1 A
-y + ydy-x+c:£n1_y =x+c

T, k> y=ke—kyet => y =

y ke*
1-y 1+ke*

k
x-O,y—2,2—m:>2+2k—k



Q.6

Q.7

Q.8

Q.9

X

1-2e*

:>k:—2,y: =>y=

. . -2
I - | -
xgc]o (y(x) = xirlo eX_2 "~ 1

dy 1
dx ~ 2y
(4, 3) satisfies
=9=4+c=c=5
 y2=x+5

©)

j YOt = y2y (x)
0

Using leibnitz
Xy = 2Xy + X2y’
y=2y +xy
xy ' +y=0

dy dy dx
Xax YO =y T
nxy=C
xy=k;(2,3)=>k=0
Xy =6

(A*¥)

Y —y =m(x —Xx)
_ Y -
T g TXTW

y _dy

Xx—ay dx

=Y _ _
m —ay—-Xx=m

dx  x-—ay dx X
dy y T dy "y

-2 =0

dy —dx
J.\/1—)’2 - J\/l—xz

= -—sinty=sntx+c
sntx+snty=c

e *-2

Q.10

Q.11

Q.12

(A)

[tydt = 24y
0

Xy(x) = 2x +y'(x) ; y(a) = — &
x(y-2 =y

(A)

—dx

Y_y = dy (X X)
—dx

0 Ay (1-x)

X

\\%mon Target

x=0
ydy = (1 — x) dx

2 2
y_:X_x_ +C

2 2
passing through (0, 0)
= C=0
X2 +y2—-2x=0
y2 = 4x
X =0 — is common target

(A)

Differential Equation

d
d—i = sin(10x + 6y)
dy dt
+ = +6— = —
Put10x +6y =t = 10+6 dx dx
a 10=64dnt ot
ax oS =~ 10+6sint

= dx
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Differential Equation

dt

Ztanl

10+ 6 :
1+tan? —
2

sec? idt
2

= dx
10 +10tan? % +12tan%

t t
put tan — =z = sec? — dt = 2dz

2 2
2dz
1001+ 22)+12z ~ &
dz d dz 5d
— —— =dx _— X
572 +62+5 - 32 [(4)?
Z4+=—| +| =
5 5
3
zZ+=
5 9
Ztan‘1 4 =5x+5k
5
4 9z+3
an =4x +C
3
(0.0 = C=tar? 7
52+3 3
1 Al 2 =
an 2 2 4x
52+3_§
4 4 20z
1. 5743 E —tan4x:m—tan4x
4 4
4z = (5 + 32) tan 4x
Z(4 — 3 tandx) = 5 tan 4x
_ 5tan4x T 5tan4x
2= 2 3mnax @7 T (4-3tanax

. 5tan4x
SX + 3y = tan 4 —3tan4x

1 o 5tan4x 5x
Y= 3 @ 4 3tanax

3 3
0.13 (A)
dy _y (l}
dx ~ x — cos? X
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Q.14

Q.15

Put y = tx d—y—t+x$
Y=%="x - dx
dt dt
thx o =t-co (t) = X g = —cos? t

dx
secztdt+7 =0

tant+/x=C=tant=C-/nx

T
tan L = C - nx (lzj
X
c=1
y e
tan = =1-/nX = tan = =/n —
X X

1
J' f(tx) dt = n f(x)
0
ot

tx =z = dt=dz/x

j £2). 92 Zn f(x)
0 X

X
j f(z)dz = nx f(x) use leibnitz to differentiate
0

f(x) =nf(x) + nxf'(x)
nx f(x) = (1 -n) f(x)

f'(x) _(l—nj 1
fx) U n J)n

1-n
(nf(x):[T) Mmx+inc

= f(x) =k. x(l_Tn]

(B)

. dy; _ _ -1 dy,
() 4 +fX¥y,=0=10k)= v, dx
.. dy 1 dy, _
(”) dx - y_]_ dx - y - r(X)
1 dy [
e_IZT;dX =e I noo L
Y1



Q.16

Q.17

1(1}@ Y [rad
dxyl_Y12y1_ Y1

r(x)dx
1'[ Ya

B)

e (x+1)dx + (yey —xe)dy =0
Put xe*=t= e (x+1) dx=dt
d + (y&¢¥ —t)ydy =0

dy 1 dt
—_— = — =t -y
dt t—yeY =~ dy t—ey
dt
dy —t=-ye
I.LF=¢eY
() (€)= —- +C; (0.0 = C=0
2
(&) () = =
2xe* +y2Y = 0
B)
dy
5 —-x = =
yX +y de 0
dy
x&—y—y5x:0
dy 'y
o XY (LDB)
Loy 1
o ax Tyt
Lo L Lody 1t
vy TN TS ax T T4 dx
1t
T4 dx x
dt 4t
St =4 (LDE)
.[ﬂdx
IF=eX =x*
5
x4.t——4x +C
5
4
X 4x°
X _ L C
vt

Q.18

Q.19

Q.20

Differential Equation

X2 1 X4_
?*Z@j*
(A)

(v + 3x%y2ex Ydx = x dy

dy  y+3x%y%ex®

dx X

dy Y _ o, 3
= dx _X —y(3Xe )

1 dy 3

=4 - _ «
= Y2 ax T xy D Xe

3
= 3xeX

tl—t —t+t
pu—y—:>dx »

dx
IFE=¢€e * =x

d
o 9= e’ = tx = Iszexgdx

=, =e" +cC
(A)
d
xzﬁ.cos— ysn—=-1
d 1 -1 1
—y—yztan—z—sec—
dx X X X X
~| = tan=d
|F:eszanxx =
X
1 -1 1
seC— |= |— 2 —
y( Xj Xzsec de
1
y SeC; =tan — + C
C=-1
sec1 1
y x —tan;—l

d
2xy% = (X2 +y2+1)

Put x2+y2+1=t
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Differential Equation

Q.21

Q.22

166

2X + 2 dy _dt X i3 2
ydx = dx ?smy—ysmx:c
5 dy  dt
2x +2xy&—x& Q.23 (A
x2 dy — y2dx + x2y2 dy — xy3dy = 0
dt ., dt )
X — —=2X=t => X — =t+2X 1 1 y
dx dx y_zdy——2 dx +dy — —dy =0
X X
d_t_
dx  x

t

L TX*C= t=2x2 + Cx
x2+y2+1=2x2+Cx
X?—y2+Cx-1x=0

D)
X
y= /n(cx)

fn(x).l—i (fncx) 1
= CX = c

(¢ncx)?

2ol

dx X

1
/ncx —— X
C = X + d) (—j
(fncx)® X y

!

(/ncx)?

E;f 23]
- C[lf = *“’@

(A)

(x%cosy sin?y — 2y sinx) dy — (y2 cosx — x2 sin®y)

dx=0
X3 s , 3
—dsin°y—sinxd ; —
{3 y y j+sm3yd 3
X3

x* x2
3

dsin®y +sin®yd [

3
X3 . 3
d ?sm Y| —d(y?sinx) =0

J —y2dsinx =0

J —(sinx dy? + y2d sinx)

Q.24

1 1) _(y=x
dxy' Xy y dy

@

1 1) =ydy
Xy

Xy 2
y-X y?
ALY B
/n VX > c
y—-X y’
— = - +
/n VX > c

©

dy ydy t
Yh - [ -fe

2
2 .y :kt:t:T‘/y

t=2x2x15=60min

JEE-ADVANCED

MCQ/COMPREHENSION/COLUMN MATCHING

Q.1

Q.2

(C,D)
d>y dy | .
dx—z+&+sny+

Order =1, Degree=1

(A,D)

dy 2 dy
(&) B (dxj e+

e)+1=0

dy _ (¥ +e™)=4(e" +e X2 -4

dx

2

dy _ (e"+e)+(e*-e™)

dx 2



Q.3

Q.4

d
©) o

d%y

dx?

d
+ve % =ef =>y=e+C|
d
-ve % —eX =>y=—-€*+C,
(A,C,D)
y = (A + Bx) e
y' = 3(A + Bx) ¥+ Be>* =¥ (3A + B + 3Bx)
y' =3y + Be¥
y" =3y’ + 3Be*

By adding something and subtracting it will convert
into
y" =3y’ =3y + 3(B + 3A + 3Bx) e*

—12 (A +Bx) e¥
y' -3y’ =3y +3y' -12y
y" -6y +9y=0
m=-6,n=9
(B.0)
dy .
(A) ax =—C, sinx + ,/c, COSX
d2
ﬁ = —C, COS X — @ sinx=2-y
d2
W +y+2=0
d 2
(B) L A COS X sec™x/2 —sin x én(tanij
dx X 2
2tan—
2
d _ X
—— = cotx-—sinx fn[tan —J
dx 2
&y
dx?
= —cosec? X — (sinx._—+cosx€n(tan§)]
d2
—)2/ = —cot? X — 2 — COS X En[tanij
dx 2
d%y o
W +y+cot?x =0

=—C, SiNnX +C,COS X +

d X
dx cosx/n [tan Ej

2
. X
= —(c, cos x + C, sin x) + ﬁ (cosxﬂn(tan ED

d?y

dx?

Q.5

Q.6

Differential Equation

. X
=—ClCOSX—CZSH’]X—COtZX—Z—COSX Zn(tan Ej

d2

ol ty+cot?x=0

(A)

y = € COoS X

y, = —€% COS X — €*sin X = — e* (sin X + cosx)

T . . T
= - e* (CoSX cos— + sinx sin—
V2 e ( 2 7)

s

y, = — 42 e*cos X=7

Y T
y,=+ 2 e*cos [X—Z] + J2 e*sin [X—Z]

5 el

T

= J2. 2 e*cos (X—%—Zj

similarly

- (e o[-
o] oo 1)
yo=+ (V2 e cos(x_%ﬂj
- (2] e cost

y,t4y=0
Similarly

Y = (\/E)Be"‘ cos(x—%) = (\/E)8 e* cos (X —

2n)
= 16 e cosX
yg— 16y = 0

(A,C,D)
X2y2+xyy, —6y?=0
It is quadratic equation iny,

_ —xy:yx?y? +24y°x*  —xy +5xy
Y17 2x2 o2
_ 3y _ %
yl - - 7 | yl - 7
dy _ -3y dy _ 2y
dx ~  x lax = X
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Differential Equation

Q.7

Q.8

Q.9

Q.10

168

Ly _gox Y2y

y X dx X

—/ny=3/nx + (nc|Iny =2 ¢nx + {nc
x}y=C

y = cx?

Option (C)

1

— logy = c + logx
2 Q.11
logy = /nc, + logx?

y=Cx?
(A,D)
dy dx

Fhoe 70

Stanty+snix+c=0

1
= cot™ vt cost J1_x2 +c=0

(C,D)
y2+4y'y+(y')?=0

y = —4yi\/16y2 —4y2

2

1+y?

Q.12

dy _ —4y12\/§y
dx 2

d
+ve7y =(-2+ ,3)dx

ny=(-2+ /3)x+(nC

y =k e(72+\/§)x

—vey= k(23

(A,B,C)
Its not asking homogeneous diff. equation
It is asking homogeneous function.
So(A) v B)v" (C) v(D) x
(A) (B)¥ (©) v(D) 0.13

(A,B)

dy _ —(x=y)Ey(x-y)* +4xy

dx 2y

e B _ XN H(X4Y)
dx 2y
dy
dx
passes through (3, 4)
y—-x=1

=1 = y=x+C
Q.14

e B Z(X=W)=(x+y)
dx 2y
dy
dx
= ydy+xdx =0
y2+x2=25

=
y

©
Given DE can be written as

d f'(x)
o[58 v=reo
WhichisL.D.E.

—X

e
|LF. = gxmito =

f(x)
General solution

=X

e e
T If(X)f(X) dx+c =—e*+c

= y==1f(x) +ce f(x)

(A, D)
dx
W =x+y+1

dx

= -|dy
= dy -X-y—-1=0 I.F.=eI =eY

dx
= e E —xe¥—-yey—-e¥=0

- jd(xe‘y) = J.(e‘y +ye™)dy

= xe¥ =¥ —yey + Ie‘ydy

> xe¥=—-e’—-yeV—e¥+cC
=>Xx=-1-y-1+ce
=>X+ty+2=ce

(A,B,D)

ay COSX = COS X
ax Y -

|.E = ej‘cosxdx = gSinx

y esin= Iesmx cosx dx = e 4+ C

y=1+ceS™:C=0 as(0, 1)
y=1



dx a
orthogonal — dy = * ~
= j&dx = J'i\/gdy

>(3/2

372 =tay +e

it can aso be written as

=

2 X3/2
+k=x
y 3 3/a

Q.15 (A,B,C,D)

WYy _dy 2
dx) ~ x dx ~ T WX

Orthogonal Trajectory

dy __x
dx T2
By integrating

3/2

y+C=+ X or 9y +C)2=x3

Comprehension # 1 (Q.no. 16 to 18)

Q.16 (D)
Q.17 (0

Q.18 (A)
(16t018)
x2+y2—ax=0
2,2
g XHY°
X
X(2x+2yy') - (x2 + y2)
= 2
X
= X2+ 2xyy' —-y?=0
orthogonal curve

2X
X2 — T.y_y2=0

2xy
=>y'= ryz .. (1)
Puty =vx
dv 2v

V+X — =
dx ~ 1-v?

0]

(i)

(i) Let Q{oc, “22‘1]

av 2v _ v+Ve
=X X - 1V -V = Y
1-v? dx
= zdv=—
V+V X
2y o2
@+ve) 22v av - dx
vV(1+ve) X

(1_ 2V )d _dx
v 1+v2 )M T

=Inv=In(1+v?)=Inx+Inc

\Y;
=In =In(cx
(1+v2j (cx)
\Y; Xy
= =CX > 2 .2=CX
1+Vv? X“+y

y
242 Y
= X°+y o 0.

This passesthrough (1, 1)

e C=§

. Cix?+y2-2y=0

Since x2+y2+2x+4y+k=0
2y =0areorthogonal
so209,9,+2ff,=c +c,

~ k=-4

Required area
-1_=
T4

(0,1) \ (1,1

Differential Equation

and x? +y? —

Slope of tangent at Pand Q are same

My = slope of normal at Q
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Differential Equation

Comprehension # 3 (Q.no. 22 to 24)

Q.22 (A)

Q.23 (B)

Q.24 (O

(22 to 24)
D’-2D+1=0
(D-12=0

Two rea and equal roots o, = 1
y=(C, +Cx)e

D*+&=0
D=+a onepair of imaginary roots o * i3
a=0, B=a

y =(C, cos Bx + C, sin Bx)e™
y =(C,cosax + C, sin ax)
D:-6D2+11D-6=0

az_]_ = D*-D?-5D?+5D+6D-6=0
o, L — (D-1) (D*~5D +6)=0
—=—% =S a}-a=0=0=0,11 —(D-1)(D-2)(D-3)=0
a a-0 three real and different roots a.,, a.,, o,
- Q1,0 o,=1,0,=2,a,=3
=Ce +Ce*+ce”
PQ= 2 -1.] YERETEETS
_ Q25 (A)-(;(B)=(p); (C)—(9); (D) —(a)
Comprehension # 2(Q.no. 19 to 21) ) ” q q
X — X
Q1 (B A Y car Yo X ks X
2x3dx + 2y3dy — (xy2dx + x?y dy) =0 y y y y
4 4
d(X—J+d(y—J—£d(x2y2):O AR
2 2 2 y y
Sdx+y —xy) = 0= x4 +y4 —x2y2=¢ =>x=xy-1+ky =x+1)@A-y)=cy
Q20 (A ® ox-10y) Y syzom YoV
: dx dx 10 y® -2x
xdy — ydx .
xdy — ydx 2 dx  10y° -2x
Y vdx=0= —2X 5 +dx=0 s g
XS +y (y y y
1+ =
" X
, dy =10y —2y
= d(xj +dx=0 dx 2 )
2 = = dy + yx=10y

(3] 5

:>xy2=10y? +C

= d [tan{%j} +dx=0=tan? (%j +X=c¢C =Xy?=2y°+cC
dy
o1 ) © seczyd—x +ttany =1lputtany =t
e¥dx + xevdy — 2ydy = 0 dy dt
d (xe) —d(y?) =0 =Y Gx " dx
Solution isxe —y2=c¢
“
ax ~17t

=>/Mm(A-t)=—=X
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Q.26

(B)

=>1-t=¢e%

=>t=l-e*=tany=1+ce* ©)
. dy
(D) siny ax =cosy (1 —-xcosy)
. dy dt
ut cosy =t —sny— = —
P y ydx dx
dt
:>—&:'[(l—tx):>secy:x+1+cex

(A) = (p.s); (B) > (a); (C) > (s); (D) — (r)

(A)RV = \X° +Y? = 1+m?

= mA(x?+y?) =y%(1+m?)

(D)

dx x dx X

dy _dx o dy -dx
S Y o I

&
= y=Xc ory= > =>xy=0C,
Straight line Hyperbola
A0,y —mx)
OA=0P
= (y—mx)?=x%+mx?

dy _y?-x* _(y/x} -1
dx ~ 2xy 2(y /%)

= m=

N

y=mx-+c
A P(x,y)

7

S

o) X
4
Q.27
Puty = vx
dy _ ., dv
= dx dx
[ 2v_dv _ -dx
7 Vii1dx x
= In|vZ+1|==In|x|+InC
2
o
= y—2+1:— = y?+x2=cxcircle
X X

Differential Equation

RV = [x2 +y? = yJ1+m?
= X2+y2=y2(1+md
= x2+y2=y2+ m2y2

dy _;dx dy _dx
= 1= o 15 =15
= Iny=Inx+Inc or Iny=-=Inx+Inc

C
y=xc ory=_ = xy=c

Straight line Hyperbola

—C
B(O, Al—,0
0.0 (m ]
B(0, y—mx) A(mx‘y,oj
m
mx-y x
om "0
\Z
y=mx+cC
P(x,
/\/B_ (x,y)
< > X
“A
4
mx—-y+mx=0
_ _y
=2mn=y :>2m—;
2dy _y ody _dn
= dn n = | y IX

=2Ilny=Inx+Inc
= y2=xc Parabola

(A)=(9), (B) = (1), (C) = (3). (D) — (p)
(A) xdy =ydx +y>dy

xdy —ydx
:% =dy:>—d[§j =dy

y
X
_;:y+c putx=1 y=1=c=-2
Xy ol X,
_y_y_ :)3__
y t 1
B — - — y= —_
® dt t+1y t+1
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Differential Equation

N
IE= e t+1 — e—t+€n(t+l) — (t + 1) et
solutionis (t+ et y=—e'+c
putt=0andy=-1 = c¢=0

[

2¢ly=-¢t
__1
y==5
© (x*+y?)dy=xydx
dy oy o dy odv
dx _x2+y2 puty =vx dx =V XdX
1 _
= /v—_—_=—/nx+cC
2v?
c= 1
T2
2
y 1x° _ 1 _
hLZ ———=—/nX—— put y=e
» 2y2 2 put y
Xx=43 e
dy y _
(D) dx +2;—O

x2y=C putx=1,y=1landweget C=1

1
tx=2 = —
put X =Y 2

NUMERICAL VALUE BASED
Ql [

1
dy
= _ y dx
dx y+_([

1

let Iy dx =4

Yoy
“ax YT2 0

dy
= ax -y—a=0
LF.= o JLox = e

N xd—y X x=0
ow €~ dx —-ye'—ae" =

> ye*+ae*+c=0
=>y+a+tce=0

1 1
a= Iy dx :_J.(a-i-CeX)dX :_a(l_o)_c(eX) ](;
0 0

=-a-c(e-1)

172

Q.2

Q.3

Q4

_ (1-e)
2

(1-e)+2e*
ye|TJe=o

y=1,x=0

2 —e+1
y(X): 3_e

y[Zn11—3e] _11-3e-e+l 43-¢] _

3-e T 3-e 4

=a

[35]

cy+c=x> .. (@)
dffn, w.r.tx

2c(y +c)y' =3x? o (i)
devide equation (i) by square of equation (ii)

c(y +c)? x3

4c?(y +¢)?(y')? ~ox®

9x
T Ay
by putting ¢ in equation (ii) we get
12y(y’')? + 27x = 8x(y')®

c

(4

[ﬂji dy Ay o
Y {ax Xax Yoax %7

dy (dy dy

ay 12y 4 D |-
Y dx [dx j”[dx j‘o

dy dy
bt =2 1| -
[ydeer (dx j—O

either ydy +xdx =0
or dy—dx=0
since the curves pass through the point (3, 4)
o X2+y2=25 or X-y+1=0
= 2X-2y+2=0 = A=2&B=2
= A-B=4

[25]
Equ. of tangent
Y -y=m(X-X)

y —mx
Viem? |~

= (Yy—mx)?=x3(1+m?)




Q5

Q6

2 2

- X d

= y?—2mxy = x? :>y2xy :%
dy 2 _y2 .

= ax ~ 2xy Homogeneous equation
whichgivesx?+y?—cx=0
X2 +y?=cx
curve passes through (1, 3)
= c=10

equation of curveisx?+y?—10x =0

equation of tangent at (1, 3) isx.1+3y—-5(x+1)=0
4x—-3y+5=0

= &+b?=42+(-3)>=25

2 2
dy X - . -
A - x4 let thelinefromorigin bey = mx
dy 1-m?

-m _ .
X - 1om? which is constant and independent of

X,Y
Hencef'(x)) =g'(x,)

[16]
y (x+y?) dx =x(y*—x) dy

_xd(xj+992120
x \x) " (xy)?

= Y3+ 2x+2cx?y =0

It passes through (4, —2)

—-8+8+2c(16)(-2)=0 =c=0

SoyR=E—2x

g (X) = 2sinxcosxsinTisinx + 2cosx (—sinx) cos™(cosx) =
0

S0 g(x) is constant

1/2
g(nld) = g(x) = I(sin’lﬁ +cos ) dt
1/8
x=0
a(x) = 3n/16
y'=—2x
mfl_1)_3n
=00=%12"8)" 16
3n
1]]‘6 3 4
_-% |ydy __1 (3n
A 25 ’ A= 2x4 (mj

Q.7

Q.8

Q9

Differential Equation
[2]
dy _ 1
dx xcosy+2sinycosy

o |
dy =X cosy+2sinycosy

dy + (—cosy)x=2siny cosy

—I cosy dy

ILF=¢e = gsiny

The solution is
X. €SNy =2[g=siNY siny cosy dy

=-2siny esw -2 [(—e~S"Y) cosy dx

=-2siny esny +2 [g=SinY cosy dy
=—-2sinyesSny-2esSny +c
i.e
X==2siny—2+ceiny = ceS -2 (1+siny)
: k=2

8]
dy
COSX ax (tan2x) y = cos*x

J.—M sec? xdx

1-tan?x

R=e = (1—tanx)

After solving differential equation
2y (1-tan>X) =sin(2x) +c¢

1
=c=0 = y= — tan2x.cos’x

2
3/3

ny 1 _ 3
:y[GJ =2 V3-3° %

64y(nj
= 6) - 8

33

a+B=[1]

y'+P(X).y=Q(x)

y, & y, are two solution of above equation so

Y, +PX)y,=Q(X) (1)
y," +PX)y,=Q(X) ~(2)
multiply equation (1) by o and equation (2) by 8 then
add

(ay," +By,) +P(X) (ay, +By,) = Q(X) (c. + )

let y=ay, +y,

y'+P(X)y =Q(X) (o + )

for y to be solution of diff. equation

a+f=1
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Differential Equation

Q.10 [64]
y—=x=m(X —Xx)

1
mny= Efnx+c:> y7 =k = y?=kx

curve passes through (1, 2)

(1, 0)

~
= k=4
= y2=4x
A=2 j 24X dx
0
8
A=~ = 9A% = 64
3
KVPY
PREVIOUS YEAR’S
Q1 D)
/n(x2=1)

Definefor (x3—1)>0
S: X e(—0,~1)u(l,®)
' (x)= ¢ n(x*-1)
[f(d) = [ en(x* 1) dx

2X.X
"(X) = 2_1). x— [="dx
F00= £n6e-1). x= [
=x ¢ n(x2—1)— jﬁd

1 -1
=X o N(E—1)—2x— 2x25 1 +C

174

Q2

Q.3

_ 2 (—X_lj-l-c
f(X)=xyn(x2=1)—2x-¢n 1l

1
f(2): an3—4—gn(§j+C::>2£n3_4+ /n3+

C=0
C=4-3In3

+1
InfiniteC vauesposibleinset Ssuchthat f' (x) =In(x2—1)

f(x)=xIn(x*—1)—2x— In( ]+4 3In3definedfor S

D)
j f(dt o(f(x)) ...(1)

Differentiable both side with respect to x
f(x)=pf’ (x)
£0_1
f(x) p
Now, integrating both sidewithw.r.t x.

X
Inf(x)=—-+C

nf (="

f (x) =k.er (2

patting x = 0inoriginal equation (1)

0=pf (0)

= eitherp=0or{f(0)=0& p=0}

Letcase; | wheref(0)=0& ¢ =0

= k =0then fromequation (2)

f(x)=0 =f(x)=0

= i.e. p= 0then thereis no non zero continuousto f

®

case. llp=0
[t(tydtovxeR
0

Itisonly possiblewhenf (x) =0
Thence VpeR : There is no nonzero continuous

function. satisfying the given condition.
HenceSeR

D)
(F'())?=£4f(x)
Let f(x) isnon negativein itsdomain

= (F'(x))2=4f(x) = f'X)=22.f(x)

j G dx j+ 2dx (f(x)#0)

= 2/f(x)=+2x  f(0)=0)

= JI(X) =tx = f(x)=x2



so f(x) can be 0 or x?
proceeding in same way, we can also
havef(x) =—x?

Alsof(x) x? ,X<0 100 —x2,x<0et
sof(x) = or f(x) = c
“x2 x>0 x? x>0
JEE-MAIN
PREVIOUS YEAR'S
Q1L 2
dy_(x—2)2+y+4_ y+4
dx x-2 _(X_2)+(x—2)
Letx—2=t=dx=dt
andy+4=u=dy=du
dy _du Q.3
dx ~ dt
a Tt T dt ot
Lot 1
— — nt— —
I.F—Jt =gl =1
Do tttas Yets
Ut = | pradt= T =t+ce
y+4
Yx_2 =(x=2+c
Passing through (0, 0)
c=0
= (y+4) = (x-2)?
Q.2 [05]
(2xy?-y) dx=—xdy
dy )
de = y—2xy Q4
dy _1 )
dx ~ x y—2xy
dy 1 B 5
dx X y=-2vy
dy 1 .
ax x Y =2
dy dt
1— 2 = - =
y =t=-y dx dx
da 1
—_— ——t==2 Q5
dx X

Differential Equation

:>—+;.t:2 I.LF.=el™=x

25 2 X
tx=2x — +cC = — X“+C
2 y

It passes through P(2, 2)
. ¢c=-3

(1)
dy 'y
dx * X

=6x3
d
LF= % =x

5
yx=fbx4dx= b% +C

Passes through (1,2), we get

=s*Cc . @
2(bx® C 62
— gy =<
AIso,J;[ 5 X]dx— 5
b 32+c/in2 b _f2
= g X9eTCiNemog = g
=C=0&b=10
[Z

order of differential equationisi.
2yy'=a

= y?=2yy (X + 2yy')

= y-Xy'=2y. 2yy’
= (-2y)*=4y)*2yy

o W) g (WY
- (y 2X'dxj _Sy'(dxj

Degreeof Differentia equation=3

(4

& g
at *
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Differential Equation

:>dt—X

X _
1000 ~
at=2,x=1200

= /n At
2= fno
= n5

1,6

- x=1000.2""5"

Q.7

1 .6 k
—n—.—%
2 5

Now 2000=1000. ¢

Q6 @

€n§
6

Q8

It passes through (-2,3)

32:2+C

c-2
3

-x x°

c.curveis —=—/-%
y

2

4 Q.9
3

It also passes through (3, y)

—=_.9 4
y 2 3
-3_19
=73 6

176

yo_18
= 19

(€]
dp(t) _ P(t) — 900
dt 2

j dP(t) jdt

P(t) —900 ~ ) 2

0 0

t t
(170 - 0034= {5
¢ 1P ~900]— £ nIP(0)~900]=

t
¢ n[P(t) —900] — ¢n50 = 5
Letatt=t,, P(t) =0hence

t
/n[P(t)—900|— yn50= El

t,=2/n18

@

—y+2ytanx:sinx

dx

|.E = eIZtanxdx _ e2/nSecx

I.F. = sec

y.(sec?x) = sinx.sec? xdx
y.(sec?x) = | sec x tan xdx
y.(secX) =secx +C

T
X=—3y=0
3 y
= C=-2

Secx —2
= Y7 T x

d
y=t-2t2 :d—i/:l—t:O:t:

= COSX —2 COS* X

[ERN
[EEN

2-1

max=z—§=

©| k-

2

dy . T
—+(tanx}y =sinx; 0<x<—
dx ( )y 3

tanxd
|LF. = ol B _ grnseex _ gy

ysecx=,[tanxdx

ysecx=Itanxdx
yseex =In|secx |+ C



Q.10

Xx=0,y=0=..¢c=0
ysec X =In| sec x |
y =cosX -In | secx |

s[5 e
1

22

log, 2

Integrate,
In(v2+ 1) =—Inx+C

y2
In(—2+1) =—Inx +C
X

putx=1,y=1 C=In2
2
In(y +1J=—Inx +In2

X2

= Xx*+y?—2x=0(CurveC)
Smilarly,
dy 2xy
&_ X2—y
Puty = vx
X2+y2—2y =0

s
\_/

1
required area = 2{)(\/2x—x2 —x)dx:%—l

2

Qu (1)

dy

dx

(y

=1+y)(x-1

dy _ .
+1)_(x Ddx

Q.12

Differential Equation

X2
Integrate In(y + 1) = ?—x+c

00)= c=0 = y:e[xzz_x]—l

)
cosx(3sin X + cosx + 3)dy

= (1 + ysin x(3sin X + cosx + 3))dx
dy 1

—(tanx)y = —
dx (3sinx + cosx + 3) cosx

J.—tanx dx

IF.=e =g'"oX! — |cosx|
T
=C0SX V X € [OEJ

Solution of D.E.

- 1 —dx +C
cosx{3snx +cosx +3

dx
3sinxX +cosx +3

y(cosx) = j(cosx) :

dx +C

y (cosx)= [

y(cosx) =

Now

|=f dt :J dt
V) R43t+2 ) (t+2)(t+D)

:J(L_ij

t+1 t+2

:Kn(lilj =/n
t+2

So solution of D.E.

tan§+1

tan§+2
2

1+tan5

2 +C
2+tan—
2

y(cosx) =/n
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Differential Equation

Q.13

178

1+tan§

= y(cosx) =/n
2+tan—
2

Now, itisgiveny(0)=0

= 0= fn( )+C
2

= [c=/n2

1+tanl

= Yy{(cosx)=/{n +/n2

2+tanl
2

T
For Xx=—
3

+/n2

Ans.(2)

3

dy y__ x
dx  2x  x*(x¥*+1)

9/4

[ “Linx 1
IF=e ' #=e? =—>
X

9/4 ,-1/2
x¥%x
-1/2
yx %= j—dx
5/4( 3/4 +1)

X1/2
J 3/4 dX
(x""+1)
X=t*=dx=4t3dt
jt2-4t3 dt
t3+1)
2143 _
4jt (t3+1 1) ot
(t°+1)

4jt

4° 4
?—éln(t3+1)+c

V2 _ 4X
3 3

4 4 4
1-—log.2=—-—log.2 +C
3 Je 3 3 Je

4in(x¥ 11)+C

yX

+C forOsx<g

Q.14

Q.15

c=-=
= 3

4 5/4 4\/_ 3/4 \/;
=—X""—=XIn(x""+1) - —
y=3 3 ( ) 3

4 4

16 —><32——><4| 9-—
y(16) = 3 3

124 32 31 8
= ——-—In3 = °
3 3 4( hln3j

3
y2 = 4ax + 4a2
differentiate with respect to x

so, required differential equationis

y2=[4xydij+4[ydyj
2d 2 dx
2

o dy dy 2

— 2xy| = |-y“ =0
=y (3] (3]

dy ? dy

— 2X =0
=s(a) =)

O :
(x+c)¢ 2 (1)
1
whenx =2,y =0, thenc=—2—€—2
diffentiate equation (i) & put x =1
dy eS/Z
We get (dxj " (1+€)°




Q16 @
Q17 [4
Q18 (@
Q19 [4
Q20 (1)
Q21 (1)
Q22 [2]
Q23 [4
Q24 [2
Q25 (1)
Q26 (
Q27 [4
Q28 (9
Q29 (1)
Q30 (2
Q31
Q2 @
Q33 (@
Q3 @
Q35 @
Q36 (1)
Q37 (1
JEE-ADVANCED

PREVIOUS YEAR'S

Q.1

(Bonus)

Datainconsistent.

Puttingx =1, ingivenintegral equation = f(1) = 1/3,
acontradiction (giventhat f(1) = 2).

However if considering integral equation as

6jf(t)dt = 3xf(x)-x% =5
1

we obtain correct answer.

Q.2

Q.3

Differentiating the integral equation
6f(X) = 3f(X) + 3" (x) —3x?

1
f'(x)— M f(x) =x

puty =f(x)
dy 1

dx —;y=x

1
IF==
X

1
General solution isy; =x+c

Putx=1,y=2=c=1
=  y=X*+X

f(X) =x2+x
f(2)=4+2=6

[0

Differential Equation

y)+y(x)gx)=gx)g(x), y(0)=0vxeR

d
ax VO +y () g () =9(x) g'(x).,

9(0)=g(2)=0.
|-F= glotdx =gi

y () & = [e29g00g (x) dx + ¢

Letg(x)=t
g'(x)dx =dt

y(X) e = J te' dt

=té-€e+c
y(¥) = (g(x)-1) +ce™

Let x =0y(0) =(g(0)-1) +ce¥®
0=(0-1+c =c=1
y () =(g(x) 1) + e
y(2) = (9(2)-1) + e
y(2)=(0-1)+e®@=-1+1=0

(A)
d_y tan X = 2x sec X
ax Y -

y(0)=0

e—jtanxdx — ,-logsecx

I.F.= e

|.F.=cosx
COSX .y = '[2x sec x.cox dx

COSX.y=X2+cC
c=0
y=Xx%2secx
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Differential Equation

- 2
y(g):2§2+“.2J§
ﬂ 2n2\/§
3 9
Q4 (A
Givendopeat (x,y) is
dy _y
ax  x Fseclyx)
.6
let L =t =xt A :
x oYX = ax N dx
+ a +
t X x =t +sec(t)
jcostdt=j1dx
X
snt=/nx+c
sin(y/x)=/nx+c
This curve passes through (1, n/6)
sin(r/6) = /n(1) +c=c=12
sin(y/x) =/nx+1/2
Q5 (B)
2 1,
LE:JéiW ezxﬂ = ey =
1 2
2" = 152
7
/1 X2 IX +2X 2 _x%dx+c ?
y Vi-x?
5
yV1? =" +x*+c
x=0,y=0= ¢=0
5
X?+x2
y:
1-x?
NEY VS 5
2 X?+x2 %+x2
1= + X
;[ Ji-x® 1%

180

X=sn0
dx = cosd do

sin®0cos0
coso

=2 de

Oty w|3a

(1-cos20)d6 = (9 ——sin 26)

O'—;W\:‘-‘

3

K2
2 3 4

(B)
f(x) =2xf(x)

e _,
g =
n(f())=x2+c
x=0,f(0)=1
c=0
: n(f(x)) =x2
f(x)= **
Fx)=f(x)+c
F(x) =

F0)=0
c=-1

2
e* *cC

f(x)= e -1
f(2) =et—1.

(A.Q)
1+e* d_y+ e=1
( )dX y -

@ e 1
dx  1+eX ) 1+eX

I.LF= Il+e x m(1+e*) =1+¢e

=e
complete solution

yv.(l+¢e)= J.ldx

QA+e)y=x+c
x=0,y=2=c=4
(1+e)y=x+4




Q.8

Q.9

dx (e"+1)
eX(-x-3)+1
(ex+1)2 /(0’ 3)
dy ©
-2 _ -1, 2
ol (-1,2)
= X+3=¢€* 1
B 1
&= X+3
(B.C)

(x—a)t+ (Y- =r
x2+y?2—2ax—2ay +20%-r>=0
2X+2yy' =20 —2ay’ =0...(I)

X+yy' .
= o= 1+y' (i)
again diff. w.r.t

2+2(y')2+2yy" =20y =0

X+Yyy'
= 1ROy Ty JY'=0

= 1y + ()P Yy Hyyy -xy’ -
yy'y" =0

=  (y-x)y"+(Q+y+(y))y +1=0

=  P=y-x,Q=1+y"+(y)?

Ans. (B,C)

Note: P& Q will not be unique function as

Py"+Qy'+Ry'—Ry'+1=0
Py’ Qy' :
= 1_Ry" + 1-Ry' +1=0Hencenew P& Q

can be obtained.
So it can be acontroversial problem.

Py +Qy +Ry'~Ry' +1=0
Py
=  1-Ry’ T1-Rry *170
(A)
f(x)
f =2-
(%) <

Q.10

Qu

Differential Equation

dx_ X

Hence, ||mf (ljzl
X

x—0+

(A,D)

(3 + xy+4x+2y + 4)ﬂ— y?=0
dx

[(x+ 2)2 +y(x+ Z)inz y?
d_ y’

dx (x+2)(x+2+y)

Let, y=(x+2)v

ﬂ V+(Xx+2)— dv
dx dx
In|v|+v=-In|x+2+C

Yy +L:—In\x+2\+c
X+ 2

X+ 2
L(L3)
=C=1+In3

In

.'.In\y\+izl+ln3
X+ 2

Hence, (a, d)
®

-1
dy ( 4+\/9+x)
o 8\/_\/9+\/_

\/4+ 9++/x ‘/7+\/7 8‘/7
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Differential Equation e

Now, RHS=0 = let (5f(x)-2)=0
Let 4+9+x =t=——2 x 1 gx—dt w 19 (51(x)-2)
2Jo+x 2V 2
11 =2 fx)=5
— | = Zdt
J-dy Iﬁ 2
Q.13 (A0

y=Jt+c Integrating factor = e~

So ye™ = I xe“*dx
y= 4+\/9+\/; +C Case- |
ax=0,y=,/7 If a+p =0 ye =2 +c

—J7=\T+c=c=0 1
It passesthrough (1, 1) > C=¢e*—=

2
y:\/4+\/9+\/; -
so ye* =2 2_ +e"
ax=256 =Y =14++9++/256 =3 For a=1
x? 1
=—e +|le-=|e">(A
Q12 [04 y== [ 2) (A)
d_y=25y2_4 Case- 1
dx If a+p=0
(a+B)x
&) d2y :d)( yeaX:X-e _ie(owﬁ)xdx
' 25y —4 a+p  a+P
2 Xe(a+[})x e(m—ﬁ)x
y-< — ye¥ = - =+C
. ixiln Slox+c a+p  (a+p)
Integrating, 25 2
2x— y+_— a+B a+p
5 5 . € €
Soc=¢€"— t—
a+p (a+p)
=24 - 20(x +c)
Ve Y=i((a+ﬁ)x—l+e’“) o &0, e
Now, c=0asf(0)=0 (ou+B)* at+B (a+p)
5y-2 X Ifoc:B:I
Hence 5y =
Y+ 2 x e €
y_—(2x—1)+ex(e—7+zJ
5f (x)—2 (20%)
let |———|= let €
x——oo | Bf (X)+2 X—>—00 e 1 eZ
y:—[x——jJre‘X e-— [—>(c)
2 2 4
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